NTHU MATH 2810, 2024 Lecture Notes
<:| * Proposition (inclusion-exclusion identity): If A, A,, ..., A are any

n events, le;: generalization of @ Q: For an outcome w contained in
m out of the n events, how many
o = ) P4, times is its probability p(w)
{;gﬁa B ’Flz: T repetitively countedin 0, , ..., G,)?
— 2‘ = L_TIR lAn, intuitive Fruof‘fordisuw.te ok
(3) dfferent {£.43)  1=i<i= For weé N,
o3 = Z P(A; N A; N Ag), \pw) wurted m times in S,
g)dﬁfererd:{(.j,k} Lsi<jchsn : z (',’_‘) : : Oz
7 S
: : (&) : > 6&
Ok _ = >, PALN-NA4)
(%) different 1<i, <--<ip<n s My L L &m
{':l.'“:‘:k} i s : o : Ome

o = P40 Ay 0.0 Ay [EE) (M =(2)+(3)- K e
_ - — +(_‘1<H (rg) .
then + (D" (R)=0 (Wp.2-P b
1-°+O-ME>
PAT A =—or—05Fog="F (=D ot {=1" o

<:| P_@f-f,;, __lj;ve ?2- iz:[;;:fon_ P RTTERT (Aun_Aj')iu(AznAB)' :

rn =3, P(AUA2VA3) = P(AiUA3)+P(A3) 'i)('(AlUA:)ﬂ ABIL
{7 P(A)+ P(4z) -p(AinAx) )

.—'\.by@
[i P(anA3+ P(A2NA3) - P(AiNA20AS) |

= P(AN+P(A>>+PlAs) - P(ainA-P(AiNAz) - P(AaN Ad)

For n >3, by mathematical - PlnA (A
» Notes: & induction (emw:-t‘se)_La l P(AinAxnAs)

n :
= There are ( k:) summands in 0,

. k.K=2,PAiNnAx)=P(AINA
» In symmetric examples, r[zg 2. P _ ) P((A.:-- n:\);‘

symmetric I — Sl
(LNp- ‘L-[Brd proposition in l.Np.Bolﬂ

= [t can be shown that
‘N 2
Sor proot. P(AyU---UA,) (71{7:":'1(?~ .
o1 — 02 { :};&‘19

G |See textbook.P44| P(A; U---UA,)
01 — 09 —|—‘03 / ﬁa't%
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Symmetric
outcomes

item~ 3> Example (The Matching Problem). elassical prob = #%n

= Applications: (a) Taste Testing. (b) Gift Exchange. |

= Let Q be all permutations W= (il’ ey info?l, 2, ..., M.
Letm r{_:h'm’ Ac “r i own gi
; + Cevent of i can at least one
tem be dffucat bo idesify A ; = {0:'4;= j} and A Uiz Ai ¥ person get

his/her

(~, i ,-) Q: (A)=? (What Would you expect when n 1s large?)

k=0

y S i
?“‘t‘"‘ = By symmetry, A7 417
on= (") P4 NN Ay), |PAN? to07
o k or O‘HL%S ?
= Here
: Ix(n—1)! 1
) _ 91
nth L——.P(Al NA;) = (n —2)! _ 1 ’
n! (n)s
n—k)! 1
PN = ( n! ) N (n)x >
nth for k=1, ..., n. >
<j - SO S n 1 l M xM p. 3-15
S \k) (n), kT Kifa=RYT nr
x & Sk n .
e =,¢I=:;,Tc_!-% PA)=01 -0+ +(=1)""a, = Z(_l)kﬂy»
I e = |
cf ] PA)=1- Z(—l)ﬁ% o é —0.632 = P(A%) ~ e ! =0.368
' t—————-{when. n->0)

= Note: approximation accurate to 3 decimal places if n > 6.

f_ countably infinite many or (finite |+{Le€ Am=Ama= =9

Proposmon If A}, Ay, ..., 1s apartition of Q, i.e., A; A N
* Uz, A = Q : [
addtéivity Lol T ,
axiom ) 2. A,, A,, ..., are mutually exclusive, A.na —

then, for any event ACQ, A;nA— A

=Y P(ANA;).
i=1 o9 0 mutuall
rogE. A=AnN=An(Y A= L_}(AnAi) exc\usize
L= =1 N/

k

% Reading: textbook, Sec 2.4 & 2.5

P(A) =P(CQ(A(\AL\) T é_'o; P(Anaz)
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Probability Measure for Continuous Sample Space

Q How to define probability in a continuous sarrgale space?
How €o define P. M. for disurete N L L uncountably infinite ()
« Monotone Sequences of sets [{Np3=#)[(, check Examples in LNp.3~|

» Definition: A sequence of events A,, 4,, ..., is called 3-6
increasing 1f € countably mfwéz many
A CAyC---CA, CA1 C---CHQ
and decreasing if lim An—

A1 DA D DA, DA 1 D---D0
The limit of an increasing sequence is defined as

AU---UAq lim A, =U;2,A4;

n—oo

and the limit of an decreasing sequence 1
W TN L
An---nAal  lim A, =N72 A limAn

n—oo
»Example: If Q=R and A4, = (—oo0, 1/k) then A.’s are decreasing
and hm A ={w:w <1/k for allk€Z+}—( 00 O]—]

=

ﬁﬂ# , (e"e“"‘se) Ax= (00, - J_] T ) l!:nooA" = (- 09, 02
S A Y T
Proposition: If 4, A,, ..., is increasing or decreasing, then m

c n ‘ .-.c

| Law 3 O (WA,,) 885 = im AS
‘—.—-.—’ v T

* Proposition: If 4, Az, .., 1S 1ncreasmg or decreasmg, then

limit of aumbers - I:md.- of

What An's
-®

Tim P(A,) £ P hm A ) should be
P T 2 @ defined Sirst?
L irmAn= A |a PM. lim & P exchangable | measurable

proof, @) An increasing.
&t Bi=A,, B2z Aanéf, -, BazAnNAf:, - e
U Bn - —3 U An’ U Bn- ‘5 An—AK Bl.nBj = ¢ 'For L*é.

p(lnn An) = p(,£ ,An) P( 673..) Z P(Ba)=lin = plan)

00 N=1
= fim P(n—: Bn) _i'fzo U A") = lim m p(Ac) |5 A.b‘.s
Addi bivibs
@ An ACCCBOS\I\g > An InC.feOS\\'\%—
| - ( lim An) = P( (Jim, An )c) coutkable symS

=p(lim AF) = Jim p(As)= lnn I-P(An = [ - M DAy

oy ®) e
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@@Example (Uniform Spinner): Let Q = (

. 3-18
: —Tt, 11]. Define "
Actually, it's enough fo define P * b—a wontinuous sample §P0~C€7
on any (a.bl, where a.b are P((a,b]) = Jo) lay a similas vole (ike
umbers (' rational numbe l - ’ 27 P y
iS o

Wi Wa, -, 0 gmall p for
dese | for subintervals (a, b] C Q. Then, extend P to other subsets using

3 discrete sample sp
23| the 3 axioms. For e example, if —TT< a< b< TU | TcF howo to define P "y
Cumul ative

n LNP 3‘]}
distribubion
Fundnon _

P(la,b]) = P<< =a%,bl) ) <ﬂ(a—bﬂﬂ>>
No\-e, fa,blx(a, b]rl k=1 =

]
{ > P not defined on

1 o [EEee
I Z.0 N E—3 |3
[aéb] under (%) } i)n:)lo ( L’ ] M ) . '/jf é\\ = jb d\sc{r:;e }
e 1 b—a Ax ¥ Continuows:
N g li h— ~) = , (@,b]
-T(:H-%-:——]- Yot 27T< “k)f 5" lm Ae = Ca,b].

ome notes L__ %gf,:u;? g(f:‘:‘b"g] P(height =170) =0 ?
L P({a}) =

P({a, b~ (a,5)) = P([a, b))~ P((a; ) = —j
fO—{ool, W,, ...} CQ, then b-a __b;a_ goodx :)
i 2an 2T . uncouﬂ\'ab\ nium

o P(Q)2Y P{wi})=0+0+---=0. |7

In A3, ‘ Yiwg| »

=1 ay % xb
e wp3-) @D he probablhty of all rational outcomes is zero

% Reading: textbook, Sec. 2.6 T —a countable (but dense) Se'é‘

Objective vs. Subjective “Interpretation” of Probabili t;p}m

« Evaluate the following statements

obg —1.This is a fair coin

subgj ~»2.1t’s 90% probable that Shakespeare actually wrote Hamlet

Q: What do we mean if we say that the probability of rain

tomorrow 1s 40%? r—how to interpret Tt ? _to.n event A
Objective: Long run relative frequencies | PA)= _‘;‘*‘

. . .. 0(A)=2£-2

Subjective: Chosen to reflect opinion 063

» The Objective (Frequency) Interpretation _IFg 3k«
TP A+

» Through Experiment: Imagine the experiment repeated [V
times. For an event A, let

N ,= # occurrences of A. frequency
Th en, (random number]—f

N—oco N lecture or course
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<:| » Example (Coin Tossing):

N 100 1000 10000 100000
random, ———» N, 55 493 5143 50329
Sreguency —= Ny/N 550°580 493572 514-%98  s503-501 0.5

e——

The result 1s consistent with P(H)=0.5.

® odds of an event (RAAALE A&
* The Subjective Interpretation  o(4) = 5(2) i, P(;) #P(A;: o(;:-))
e . A 1-PA A
» Strategy: Assess probabilities by imagining bets [oraye l:o,’o:;( )
> Example: 4 FR% , rﬁ‘(A)T% o(A)T<>0()
SRAMPIC: 7 21 1 odds on A | (Poter) true O(A)—m 2

= s 2 —_—
= Peter is willing to give two to one odds that it P !(.‘T; : S '
wrain tomorrow. His subjective probability=>P(A;; 2-2p(A)
for rain tomorrow is at least 2/3 >p(A) =
1: 2 odds on A° G Zé

—1% G3)
. (Paul) #r cy=PAD L
Paul accepts the bet. His subJectlve| ) true o(A°) A 22

probability for rain tomorrow is at most 2/3 P(A) < %
} OPPFOGC*V : ~
» Probabilities are simply personal measures of how likely we

think it is that a certain event will occur Cdegree of personal belief

eg 2 :n WNp.-3-19. p. 3-21
éThis can be applied even when the idea of repeated
experiments is not feasible
Summary

le A
o sample space M rules oii r.'sset

e collection of events (2“) ——J; \ Eabs _[ objective

L. proba.bilu‘l:y measvre _E: 2‘1—)[0, |]- SUbjer;Ve.

[ probability space (F&FRpH) f- SUbsets-[sd: operations L Y

conseguence proposition 1 : P(A%)=1\-P(A)

I
lass? e
S eeaeh  propositin2+ p(é= 0
i | : : :
Pa)-32 | 2|3 Axions proposition : (AU 0B =6yt -~

onany we

define P <trict B yotine
but not 2. then extend : P(A)= I p(w)
inodequency of defne £ contiouous () '[1‘&(-‘&\2. probability on any

B

N — discrte Q[l.de&ne a.smell p: N -(o.1]

dessical agproach Axiom3 (a.bJc N, a,be®
oL 2. then extend <— monokone
Additivity sequence of sets &
< Reading: textbook, Sec. 2.7 P(limAn)=lim P(An)
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