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<:| * Proposition (inclusion-exclusion identity): If A, A,, ..., A are any

n events, let generalization of @ Q: For an outcome w contained in
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o %02 _ Z P41 A) repetitively counted in g, , ..., G,?
n : 1<i<j<n = [_Aﬁ“'"\‘(:@ﬁlﬂ proo§ for disvrte ()
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For n>3, by mathematical [+ .
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n :
= There are k:) summands in 0,

1 ‘g = 2 An 2)= A ﬂA
» In symmetric examples, r[z g.k=2, P(AinAa)=P(Ai 3)1
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ttem~ > Example (The Matching Problem). classical prob. =#%n.

Symmetric
= Applications: (a) Taste Testing. (b) Gift Exchange. | outcomes
= Let Q be all permutations w = (il’ ey info?l, 2,...,1Mn

/.. Gy Thus, #Q =nl.  €3(3, 1. d— Sz o5 e get
___”?) “ Let rqt-m e __p¥her own gt
event; of: interest can ot least_one
i udnﬁfd‘thA ={w:',; =7} and A Uiz Ai ¥ person get
( »7) Q: A(A)=? (What Would you expect when n is large?) g‘;‘;’{ gzc‘;
?usd:\on - By metry, IP(A)T7 tol?
s %:(k) (Ay OO AR), P(A)i"-t-oo"
= Here, | % (n—1)!
——————>P(4,) = "' _1
.-, —92)!
2 nth H"'_"_’P(x‘ll ﬂAg) = (n '2) = = )
n ()2
o _ (n—k)! _ 1
P(Al N N Ak) o (n>k .
nth for k=1 Y

ci] PA) =113 (-1l ~1- Dy P(AC)

k!
g =Y t-———e——(w.'verz. n->090)

= Note: approximation accurate to 3 decimal places if n > 6.

coumhbly infinite many or @Eﬂu{:Am=Am,..-=¢]
Proposmon If A}, Ay, ..., 1s apartition of Q, i.e.,  A; /A n
cf i
a dtﬁvrby

1 =0.368

) U??ilAZ — Qa é £ //

axiom ) 2. A, A,, ..., are mutually exclusive, a,nA — (ﬁiﬂ‘{i/ﬂ'

then, for any event ACQ, AaNA — 7@%&({/&5
=Y P(ANA;).

i= 09 wruall
ProgE. A=ANKL -_-_-1A n (g Al)= t.g-.). (AnAYQ) (:xc\uscze

| P(A):P(CL__J,(A(\AL\)?gP(AﬂAE)

% Reading: textbook, Sec 2.4 & 2.5
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Probability Measure for Continuous Sample Space

Q: How to define probability in a continuous sample space?
How to defme P. M. for disurite N t_L uncountably infinite 1)
« Monotone Sequences of sets [(Ne3=F) [, check Examples in LNp.3~|

» Definition: A sequence of events A,, 4,, ..., is called 376
increasing if Ccawztubly mfmtée many
A1CA2C"'CAnCAn_|_1C C_Q
and decreasing if fim An—

A1 DA D DA, DA 1 DD

The limit of an increasing sequence is defined as
AV---UAn RILT%OA = UfolA

and the limit of an decreasing sequence is
An--0Asl lim A, =N, A,

n—oo
»Example: If Q=R and A4, = (—oo0, 1/k) then A.’s are decreasing
and lim Ay = {w:w < 1/k for allk €7, ) = (—o0 0]

2 535“ ; (exemse) Ax = ("°°:"’L]T lim Ax=(-09, 02
T AR/Y T 'ﬂ:>

warkably
w&n‘\'e

2 K=>00

P Proposition: If 4, A,, ..., is increasing or decreasing, then P
LNP > 3 ( lim An) — lim A€ (n-s%ﬂ ‘..',’J.An
L RS ET ""%9_@ “"1:@

* Proposition: If 4, Az, ey 18 1ncreasmg or decreasing, then

limit of numbers Iumt'of 7
e oF Tim P(A P( lm A ) - ramiaes

n) should be
chopmp O T = @ \defned St
- mhn=A |2 PM. lim & P exchangable | measurable

proof, @) An increasing.
&Jb' Bl=Al, 82 =AzﬂAf; =% Bn=AnnAtf:| P :\::r:s‘z&

--'33 Bz BI oo W K
> T 81=0 An, O Br=0 An=Ay, BzﬂBg = for i=g.
(/,m A,,) P(,8An)=p(L ﬁ? Bn) = P(Bn)= (im. ,,i_-E;P(Bn)
= lim P(n—l )—érﬂo h=1 An)" /’m P( k) ?d'd?“’ts
@ An dccfeosmg > Anx inceasing 3
'- P("’_‘;&An) — P( ('{%An)C) Courtkable symsS
=p(lm AS) a Jm. p(as)= ,‘Z"m I-Pany= | - Im piay)
b
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Example (Uniform Spinner): Let Q = (—Tt, 11]. Define "
[Actually, i¥s enough +o define B ¥ b continuous so.m?\e__sﬁaoej

—a
on any (a,bl, where a,b are P((a b]) B C— play & sintlas vole like
umbe: ' rakional numbe ’ <
mton g ¢ wtional oun l pu 21 Wi, Wa,, i small p for
sese | for subintervals (a, b] C Q. Then, extend P, tg other subsets using

. . 1 o= tscrete sample sp

=221 the 3 axioms. For example, if ~Tt< a< b< TU | 7F oo define f;ﬁpﬁ-@
cumulative
distribution

feckon JP([a,b) = P<<°O_a%,b)m)-zv(ﬁ(<a%,bm»
{ NIo\-e,z [Laub] 2 (a,b] k=1" = k=1 ‘

]
> P not defined onr} lim P ((,‘L B %’ b] A Q) gﬁ?ﬁ%"‘f

Ak
[a,b] under (%) discrete s

k— o0

[« @ b

T o Lo ar oo Ay ““%:f)‘éf
T o2 o PF or A= e
ome notes | Nete: Ptg'f;;}} "E‘(?:‘:‘:;{ P(heght=170) =0 7
)P ({a}) = P(la,b] - (a,b]) = P([a, b]) - P((a,b]) = 0.—7_

fC?{(Jol, W,, ...;CQ, then ba b-a (> goodx |

= s amw 2w S(tunmmu M;m.
3 POYEDS PHwu,)=0+0+.---=0. |
5 e

(/]
= ax x %6
s tups-e)@Il he probability of all rational outcomes is zero
% Reading: textbook, Sec. 2.6 a countable Cbut dGHSE) Sef.

Objective vs. Subjective “Interpretation” of Probabili t;p}m

« Evaluate the following statements

x-50% one-time
obg —1.This is a fair coin ~» tossing the coin(s[wg caseleF-51" case

subg —»2.1t’s 90% probable that Shakespeare actually wrote HamletJ

* (Q: What do we mean if we say that the probability of rain
tomorrow is 40%? r—how to Tnterpret 76 2 Taneventa

Objective: Long run relative frequencies | PA)= 0.4
o(A)= %‘-";‘ = %

Subjective: Chosen to reflect opinion

« The Objective (Frequencyv)'klterpretati%tﬁﬁi‘

» Through Experiment: Imagine the experiment repeated /N
times. For an event A, let

N 4= # occurrences of A. frequency

Then, (random marberH N By Law of Large
P(A) = lim A . Nuamber (future
T N—oo N lecture or course E>
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<:| » Example (Coin Tossing):

N 100 1000 10000 | 100000
random —f—» N, 55 493 5143 50329
Sreguency —f= Ny/N 55080 493572 514%78 50350 ) o

—

The result 1s consistent with P(H)=0.5.
X odds of an event (REErE,AEIK)

» The Subjective Interpretation - PA) __PA) __o(A
oA == p ™ PA= 150

» Strategy: Assess probabilities by imagining bets [oay etors0y

. Py P(A)T 4> 0(AYT<>0Y|
> Example: *73 . 7" dds on A | (Peter) true o(A)=Pm(AC) >2

= Peter 1s willing to give two to one odds that it
e_"e_“t_wrain tomorrow. His subjective probability?P(A)';gTZP(A)

for rain tomorrow is at least 2/3 >P(A)= 25
) —1:2 odds on A” Dol < A _ |
« Paul accepts the bet. His subjective | (Paul) #rue oA )=B'_p(A) >z
probablhty for raglv tomorrow is at most 2/3 o, P(A) < %

» Probabilities are simply personal measures of how likely we
think it is that a certain event will occur &degree of personal beliefs

e..g.z:;\ LNp.3-4. o A A A p. 3-21
éThis can be applied even when the idea |ahle | AT AS""AT """ iime
of repeated experiments is not feasible L£%3¢ | m::: 20d - "g‘o;;
Summa.ry Subjective _obective
E probability space (BbFREA) subsets-[wl: operntions £ Y
o sample space N2 f rules of set At
e collection Of events (20) —_— m\m oé?: csh‘ ve
L‘ probabiltby measvre P: 2,“'-»[0, |]JJ [ subjective

(. 1 conseguence propositon | : P(A9)=\-P(A)
2Ias$cca "! mode\"gh ‘E P“’FOSPBOH 2: P(qf)= o
1 i : : :
P(A)g%% —p| 2 Axioms Proposih‘on { P(AIV---UAN) =616t -
1 disvute SL1 1.define o small p:NL-[0o,1]
deFmeE‘ restrict P deftne [ onany weSL
but not | 0 2. then extend: P(A)= w};—AP(w)
T\\oAc%uency of defne P tontiouous 2 T 1., define. probability on any
dassical approach Axiom3 -[ (a,bJe N, a,be®@
Addikivi 2 . then extend <—monotone

sequence of sets &
P(lim An)={im P(An)

+ Reading: textbook, Sec. 2.7
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