NTHU MATH 2810, 2024 Lecture Notes

» Some Simple Rules of Set Operations P33

» Commutative Laws. AUB=BUA and ANB=BnNA

» Associative Laws. (AUB)UC =AU (BUCQ)
(AmB)mC AN(BnNC).

» Distributive Laws. (AUB)NC =(ANC)U(BNC)
(ANB)UC =(AuC)Nn(BUC)

BN ‘c 0

» DeMorgan’s Laws. // \\\\

W.%uh‘ei, n _ n C — n ¢ b) Shaded re g; n: EF.
(U1 A)" 5 NimgAF and (N7 A;)° 7 UL A7, B

y . induction
(%) Reading: textbook, Sec 2.2 e M

FE F SBIE —~Probability Measure — a finckion: 2> [0,1]
» The Classical Approach § geodzelergth mensure : | weight: measure )

e =X =F(x) non-decreasl‘ng
» Sample Space Q is a finite set
» Probability: For an event A, g

bty Space y I L_32 =& a:=f bR d b
+ This explains why combinatorial Thm
('gm%;) P(A) :I % r plays an important role in prolzahldsj S d (X)AHQ‘J

» Example (Roulette): oy p. 34
= Q=1{0,00,1,2,3,4, ..., 35,36} :
» P({Red Outcome}) = 18/38 = 9/19.

#.

@07 ”
Example (Birthday Problem): n people gather at a party. What
n peopie
‘:ffﬁ’;":/ is the probability that they all have different birthdays?

ﬁ?ﬁﬁs « Q=lists of n from 31,2, 3, ..., 365} @
= A= {all permutations} N
= P (A)=(365),/ 365" = Y
B Ist

" n 8 16 22 23 32 40

P (A)|.926 | .716 | .524 | .492 | .247 | .109 (\ *

smalﬁzr Ist s )

 Inadequacy of the Classical Appro‘ach
i.e., all outcomes in L are

» It requires: _/—[#Q equally likely to OCCMY‘ forwen

{Wh=
restric Finite Q P{wh)= #ﬂ- -
form o§ 02 Symmetric Outcomes<
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p- 3-5

» Example (Sum of Two Dice Being 6)
symmetric -

sutcomeste® Q; = {(1,1), (1,2), (2,1), (1,3), (3,1), . @66}5} #Q =36,

{lists} A ()L —"

A={(1,5), 2,4), 3,3), (4,2), (5,1)}, P(A)=5/36. !

!, 99 (L1, (1,23, {13}, ..., (6.60) #Q 21, -

lst 2nd {sez‘:s}t@ st 2nd

L A={{1,5}, {24} (3,31}, PA)=DRL
b

= {2 12} #Q. =11, non egually -likely
L—{Suurns'_} ‘t outcomes
(2)+b=21 A={6}, P(A) can still use Qz.Qa

) to calculate corr
» Example (Sampling Proportional to Size): probability , but notz

N=lol through P(AY=*fuy
n=4 = N invoices. 123 oeee 100 191
{10,21,39 ?g} - == = o
" 20 3 1000 101000
SED = Sam El n < N. 0 ' 20 each dollax should have |
equal _chance o5 betn
» Pick large ones with higher probabilitys sd‘d;ed,nolreachtnwtace

“ﬂ"(m) Note: Finite Q, but non equally-likely outcomes.

[ drsevete OO L p. 3-6
(Finite or courtnbly infnite)|
P:2%>T[0.1]

» Example (Waiting for a success):
» Play roulette until a win.

L] Q:{l,Z, 3,} infinite |
- P=9? countable continuous 2
y seb__| (uncountably wfinite)

» Example (Uniform Spinner): Q
) : — ~ '1
» Random Angle (in radians). ~ P:o 2f‘gld—>[o ]

w Q= (=TC T a—{infinite uncountable et ) (7522 (aniom)
. P=979? 1. seff-evident truth

» The Modern Approach (i’ﬁl 51 KA) \ 'meﬂ,ed as “true

(Ax1) Non-negativity. For any event A, P A)=0.

(Ax2) Total one. (Q)=1. {_ countbly infinite many
(Ax3) Additivity. If A,, A,, .., is a sequence of mutually

Ac

exclusive events, i.e., A, M _(Z) when i#£7j, then A -f_.
- R V4

P<A1UA2U):P(A1)+P(A2)+ >
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p. 3-7

= Notes: check whether the classical approach
sabisfies the 3 axioms (exercise)

o These axioms restrict probabilities, but do not define them.

o Probability is a property of events. CS'Q(_E(A)= A
P:2°5[0.1] w0

» Define Probability Measures in a Discrete Sample Space.
T Sinite or countably m§inite O
o " Qs it required to define probabilities directly on every

events? (e.g., n possible outcomes in Q, 2"—1 possible events)

@ = Suppose Q = {w,, W, ...}, finite or cov,tn;bly;'nﬁnitet",‘_,J?cQE

.’ A let p: € — [0,1] satisfy /_[,w need o be oymmebric |

s

‘L c.f. op(w) >0 forallw e N and @Zweﬂ p(w) = 1.
.o — <O~
provabiliby | L;y P:2"*>10,1]] |finite or countably infinite many 5qu]

MOASS
Sunchion | (55 aldBiy) (A) F > eaP(w) >P(«3)= p(w)

for ACQ, then Pis a probability measure. (exercise conver

r———— see the arqument about subiective
(Q: how to define p?) olg‘cat"rﬂve m‘:er}:reﬁxﬁon (ijNP.B-I?«'ZD

> Example: In the classical approach, p(w) = 1/#%. For example, *
throw a fair dice, Q={1, ..., 6}, p(1)=...=p(6)=1/6 and A
Rodd)=R{1, 3, S)=p(1)+p()+p(5)3/6=12._—+=%5

» Example (non equally-likely events): Throwing an unfair dice
might have p(1)=3/8, p(2)=p(3)=...=p(6)=1/8, and
Hodd)=P({1, 3, 5})=p(1)+p(3)+p(5)= 5/8. (cf., Examples in

LNp.3-5) —{beb on°red”

» Example (Waiting for Success — Play Roulette Until a Win):
» Let r=9/19 and ¢=1-r=10/19 <« (Np3-4
» Q={1,2 3, ...} < infinite, countable
« Intuitively, p(1)=r, p(2)=qr, p(3)=¢*r, ..., p(n)=¢* 'r, ... >0,
y, p()=r L)t_ 3) ( )L[

d i
an > > 1 r " independent
E p(n):E rq zl_qzl.
n=1

n=1

» For an event ACQ, let

—[ct] — P(A) =
(22 s an uncoutable set) ( ) ZnEAp(n).
For example, Odd={1, 3,5, 7, ...}

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2024 Lecture Notes

P(Odd) = Zp 2k +1) qu(wﬁ—l)—l _ TZq2k
k=0 k=0
r/(l — ¢*) =19/209.

han
% Reading: textbook, Sec 2.3 & 2. read more examples ‘fb Sal'\]’le- paces
Q_f symmet'rcc_ outcomes (dass-aa.@ahpmadb) 3

Some Consequences of the 3 Axioms-»=/R&RG&B

p- 39

» Proposition: For any sample space Q, the probability
of the empty set is zero, i.e.,
~0.—@

preef  In (Ax3), le.f.- A. =N ,A2=A3=z---=P, > AinAj=d.¥ij
f n 2
By (Ax3) P('m()sz)f( )"‘n P(¢) r.o__(Axl)

(® Proposition: For any ﬁmte sequence of mutually exclusive events
ALA, .. A,

n2

e P(A UAyU---UA,) = P(A) + P(As) + - + P(4,).~R)

version

0§ Ax3 Proof In (Ax3), let ‘Ann=Ana=---= ¢ thea® holds ‘.‘_P(d>)b=o
yD

p. 3-10

* Proposition: If A is an event in a sample space Q and A€ is the
complement of A, then P(A°) =1 — P(A). @

preof. Afua=n, ANA=¢
| = P(r)=p(A°0A)Y s PLAD+P(A) 5

* Proposition: If A and B are events in a sample space Q and ACB,

— set minus -
then p(4) <P(B) and P(B—A)=P(BnA°) 5 P(B)- P(A).
TEFE| poof  B=A U (BAA) b (A el
éi%# pe 3 p(A) + p(BnA 3‘2 P(A) @A
ey

Example (4 p "% & £~ , Kahneman).

HREE B L - Ry AW F D EPIP A o R
FHE aFA PRt e R § O K R A
1—}3@};,}7-\ (T o T @ FR— ’E‘Lbﬁ&‘i Py r)

A, ] I’H(é n\{gﬂf’r f’:ﬁ OAAI

—A . ~Az
ANAz » FBREFZRFFR »» E 5 A RFHEX

\\\?{r W
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p. 3-11

&9 Proposition: If A is an event in a sample space Q, then
This 7s Axiom |J 0<PA)<1L=P() & Acn

in textbook J

» Proposition: If A and B are two events in a sample space Q, then
PAUB)<PAPB) & P(AUB) = P(A) 4+ P(B) — P(ANB). —(@)

! peof. AUB=IULUVUIL and N
L, I, I mukually exclusive Ao _—B

Yemove 2N
disjoint P(AVB) = P(1)+P(x)+P(uI) ‘@
ot tion p(A = p(1)+p(m) k j@
AnB* ang “A°B
P® % 7ﬂ)+P( ) Yo e
p(ans) = p(I) !

* Proposition: If 4;, A,, ..., A, are events in a sample space Q Lt"t'lesn?
P(AjU---UA) < P(A) +- + P(4,) <5 R 8@

preof. P((A--Ufe-) UAa) < P(Av ---UA..-.)+P(A,.)
@)% P(Av--vAr-D) + P(An-)+P(An)

I GO LRI CO RN
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