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* Some Simple Rules of Set Operations

» Commutative Laws. AUB=BUA and ANB=BnNA

» Associative Laws. (AUB)UC =AU (BUCQ)
(ANB)NC=An(BNQ).

)
» Distributive Laws. (AUB)NC =(ANC)U(BNC)
(ANB)UC=(AUC)N(BUCQC)

BN ‘c 0

’/\\\

:\?;M.Znal (Ui Ai)° = s A and (N, A;)° 7 Ui A A

= 7 1= v i=1""
induction | j Or>»fa 1]
@ Reading: textbook, Sec 2. 2% [9/2

%%‘ /EJE-—PrObablhty Measure —» a function: : 2% [0,1]

» DeMorgan’s Laws.

. i Q(x)dX <+ measure : | weight measure T
The Classical Approach 5 g"%‘ = Ft): non-decresing
» Sample Space Q is a finite set
» Probability: For an event A, bea =
L4 & a_ b

probability space A T
(LF.P) B #_ This explains why combinatorial Thm ‘J
:m%t;sa P(A) T: 240 r plays an importast: role in prodability. .ngdE@'

» Example (Roulette):

« Q=1{0,00,1,2,3,4, ..., 35, 36}
—

» P({Red Outcome}) = 18/38 = 9/19.

@A)
> Example (Birthday Problem): n people gather at a party. What
‘:ffﬁ’;":/ is the probability that they all have different birthdays?

{1,3,---,35}

ﬁ?ﬁﬁs « Q=lists of n from 31,2, 3, ..., 365} @
= A= {all permutations} N
= P (A)=(365),/ 365" = Y
B Ist

| n 8 | 16 | 22 | 23 | 32 | 40
P(A) | .926 | .716 | 524 | .492 | 247 | .109 {\ \

smalﬁzr Ist s )

 Inadequacy of the Classical Appro‘ach
i.e., all outcomes in L are

» It requires: _/—[#Q equally likely to OCCMY‘ forwen

W)=
restri Finite Q Plwh= #a .
formof 2 Symmetric Outcomes<

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2025 Lecture Notes

p- 3-5

el:r> Example (Sum of Two Dice Being 6)
symmetnic
aromeso® Q, = {(1,1), (12), (2,1), (1,3), (3,1), . @6 6f}. #Q,=36,

{lists} A Vo)L —"

A={(1,5), (2,4), (3,3), 4,2), (5.1)}, P(A)=5/36. !

!! QQ {{1,1}, {1,2}, {13} @56@} #Q =21, ]

Ist ::.nd {sets}t@ (st 2nd

{ A={{1,5}, {24} {3,3}}, P(A) }XI:
b

it 2 s
e N T
=10 >~ Example (Sampling Proportional to Size): thmug'lli% (Ab;o‘: *_Q‘f’t_:z&
n=4 . Ninvoices. 123 eee 100 101
{10,21,39 es} — o aal] e —}>
S~ = Sample n < N. pon " (o o e
» Pick large ones with higher probabllltyclgf;‘;——m:cﬁ:;ae ]

“ﬂ"(m) Note: Finite Q, but non equally-likely outcomes.

[ drsevete OO L p. 3-6
(Finite or countnbly infinite)|
P:2%>T[0.1]

» Example (Waiting for a success):
» Play roulette until a win.

L] Q:{l,Z, 3,} infinite |
- P=9? countable continuous 2
y seb__| (uncountably wfinite)

» Example (Uniform Spinner): Q
) : — ~ '1
» Random Angle (in radians). ~ P:o 2f‘gld—>[o ]

w Q= (=T T e infinite uncountable et | (7522 (Aciom)
. P=7? 1. seff-evident truth

» The Modern Approach (i’ﬁl 51 KA) \ 'meﬂ,ed as “true

(Ax1) Non-negativity. For any event A, P A)=0.
(Ax2) Total one. P(Q)=1.

{- countnbly infinite many
(Ax3) Additivity. If A,, A,, .., is a sequence of mutually

Ac

exclusive events, i.e., A, M _(Z) when i#£7j, then A -f_.
- R V4

P<A1UA2U):P(A1)+P(A2)+ >
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= Notes: check whether the classical approach
sabisfies the 3 axioms (exercise)

o These axioms restrict probabilities, but do not define them.

o Probability is a property of events. Qﬁﬁ(ﬂ(g}: ®A
P:27 50011 #
» Define Probability Measures in a Discrete Sample Space.
T Sinite or coutatly m§mite QL
o " Qs it required to define probabilities directly on every

events? (e.g., n possible outcomes in Q, 2"—1 possible events)

@ = Suppose Q = {w,, W,, ...}, finite or cov,tn;bly;'nﬁnitet",‘_,J?cQE

w:/ A let p: 0 — [0,1] satisfy /-[rwneedto e sy
cr| op(w) >0 forallwe ) and @ZMEQ p(w) = 1.

—b D, > <5 Coos
probabily | 1 ot P:27»10,1]| finite orcwul:nblymﬁmbammysuﬁ‘

fction | (5 L) F wea P(@) > EEa)= pw

for ACQ, then Pis a probability measure. (exerciseX conn

r———— see the arqument about subiective
(Q: how to define p?) olg‘cat"rﬂve m‘:er}:reﬁxﬁon (ijNP.B-I?«'ZD

> Example: In the classical approach, p(w) = 1/#%. For example, *
throw a fair dice, Q={1, ..., 6}, p(1)=...=p(6)=1/6 and A
Rodd)=R({1, 3, 5)=p(1)+p()+p(5)3/6=12._—+=%5

» Example (non equally-likely events): Throwing an unfair dice
might have p(1)=3/8, p(2)=p(3)=...=p(6)=1/8, and
Hodd)=P({1, 3, 5})=p(1)+p(3)+p(5)= 5/8. (cf., Examples in

LNp.3-5) ,—bet on*red’]

» Example (Waiting for Success — Play Roulette Until a Win):
» Let r=9/19 and ¢=1-r=10/19 < Np3-Y4
» Q={1,2 3, ...} < infinite, countable
« Intuitively, p(1)=r, p(2)=qr, p(3)=¢*r, ..., p(n)=¢* 'r, ... >0,
y, p()=r (—)‘t— 3) ( )g

and i - i — L T [ ndependest
n) = T = = 1.
n_lp q 1_q —

n=1

» For an event ACQ, let

[cf] B
(2% 1s an uncoutable set ) = P(A4) = ZneAp(n)-

For example, Odd={1, 3,5, 7, ...}

made by S.-W. Cheng (NTHU, Taiwan)



NTHU MATH 2810, 2025

Lecture Notes

qu(2k+1)—1 _ Tiq%

P(0dd)

Zp 2k + 1)

p- 39

k=0 k=0
r/(l — ¢*) =19/209.
eading: textbook, Sec re.ac\ moce examplzs Ple $‘>at.¢.$ havin
- Reading: toxtbook, S0 29 2 ZJ symmet'rcc outcomes (Cfds‘c«zaﬂem"’) ¢
Some Consequences of the 3 Axioms »f%E-RGB
» Proposition: For any sample space Q, the probability
of the empty set is Zero, i.e
~0.—@
proef-  In (Ax3), le.{: Al-ﬂ- Az—Aa—--'—¢' > AiNAj=0.¥i.
By (Ax3), P(-D-O)Ax_’f(n-) + 2 P(¢)
2)

—(Ax|
C__—— =0 )
Proposition: For any ﬁmte sequence of mutually exclusive events
A]a Aza ) A s

n2

v;l- P(A1UA2U°'°UAn :P(A1)+P(A2)++P(An)—®
0§ Ax3 preof, In (Ax3), let Anu=Ama=---= thea@ holds '~ P($)=0

p. 3-10

» Proposition: If A is an event in a sample space Q and A° is the

complement of A, then P(A%) =1— P(A).—@
Pr'oof‘ ACUVUA =N , ACﬂA=¢

| = P(2) =P(A‘UA)= P(A‘)+P(A)

by@
* Proposition: If A and B are events in a sample space Q and ACDB,
then P(A) < P(B) and P(B FZ%P(B N A°) = P(B) — P(A).
54| prof B= AU (BAA) Ry () o
ﬁﬁ _P(B) =p(A) + p(Bn A°) = p(A) @A
hmo
Example (4 p "% & £~ , Kahneman).

M A Bz - Ay A =
s ag s R #Mmmﬁﬁﬁﬁ sl

o 2L
8 0 »
b"ij};f“ T o F @ PR— Bt ¥ e

» FREARGFER OAA'

I NN C A T

\\\?{r \\;0\‘

Ay

Al o /Az
ANAz = IFREFZREFEFE >4 SR> H8HE
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‘FG Proposition: If A is an event in a sample space Q, then

[’Thisrs Axiom ‘J 0< P(A) < 1.=P() & Acn.

in textbook %

» Proposition: If A and B are two events in a sample space Q, then
PAUB)<ANIPB) & P(AUB) = P(A) + P(B) — P(ANB). —(@
! preef. AUB=IULUIL and

L, IL, I mutually exclusive
Grcpint P(AUB) = P(T)+pm)+P(m)
cocction PR = P(D+p(m

P® TP
p(anB) = pm A
 Proposition: If A, A,, ..., A are events in a sample space Q, then
T - g LUP37
P(AjU---UA,) < P(A)+-+ P(A4,) <R &@
Prlof P((A-aU---UAn—I) U%ﬁ _P(AnU"'UAn-c)‘PP(An)
@ RS F(AH)"'UAA—:)'!'P(F\n-D"'P(An)

$ - SP(A)+- +P(An) >
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