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» A useful identity: n
n\ (n-1 n—1 : i 2 \r-)
7w ()-(o) () ot (2
* Partitions {

o st o
» Example: How many distinct arrangements formed from the
letters

3 utation
M 1St SaLaSs S 4LP. Palu? %’"_*“*‘L
partitions| = There are 11 letters whick can bé arraﬁged in 11! Ways .-;F,,;ﬁﬂgd
275 trodted But, this leads to double counting. If the 4 “S” are permuted,
tidentica» | then nothing is changed. Similarly, for the 4 “T”s and 2 “P”s. List

» Each conﬁguratlon of letters counted g ! 8 C
=Yals)
b

list '
(73, NEPTE. 2!—1152 m
times and the answer 1S 4, 4,2,,, 34,650. (O
—_— s ¥ 69 s’1 p’ M
Definition: Let Z be a set with n objects. If r = 2 is an integer,
then, an ordered partition of Z into r subsets,is a list

m—

gener-
alize

combination | @'_Z‘_l’ e gf -
<=2 [Where Z,, ..., 2, are mutually exclusive
subsets of Z Whose union 18 Z; 1.€., (combinat:

(11.23,{3.43.15.63)

% ({343,15.63,11.2})
(11,21, £3.43,{5.63)

= ({2.1}, 4.3}, {6,5})

<:| » Z;NZ;=0,if i # j, and
« 2 U-UZ, = 2. -of[[ta- -t
»Let n,= #Z,, the number of elements in Z,. Then, n, ..., n, =0, l

and ny +---+n, =n. math, sci books example (LNp 2-5)

» Example: In the “MISSISSIPPI” example, 11 positions,
£ ad Z={1,2, ..., 11}
T wetre partitioned into four groups of size L
{ n1_4 CCI” nz_l GCM” n3:2 GCP” n4_4 66899

= In a bridge game, a deck of 52 cards is partitioned into four
»’ hands of size 13 each, one for each of South, West, North, and
o) East. % r=2 =>combination )
» The Partitions Formula. Let n, » 21, and n,, ..., n, 20 be integers
(%M st.ny+---+n, =n. If Z1is a set of n objects, then there are

&=,
Ist

— 3 EYX inLNp2-8 | ¢S —B: nomia.l
D b-(, ) Tt e
nd 3 Uma)y % Ny, T, nyl x ---x n,! (LNp.2-7),vr=2

fist} (called multinomial coeffi cientsfwrays to partition Z into r subsets
(4, ..., Z,) for which #Z =n, for =1, ..., r.
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» The multinomial theorem

binomial n n Recall.
Theorem |¥cf. (@14 +2)" = Z ny, - — pcrm.d-aﬁou

(LNp 2-1) ni+-+n,.=n
>E | - Note .
disk xamples: [order matters} ﬁde 3[57.’\

(“"’@ 9 children divided into A, B, C [ potition =
3 teams of 3 each. How many_ many_—— {u ol Lnu} {nun})

d1fferent divisions? Aps: (3 3 3] 32:3, ? }
9 chlldren divided into 3 groups._[zra: i‘:‘ ]BL D& 3 }
(w) DD -OCID I
5

of 3 each, to play a game. How
many different divisions? Ans, (13 51 _ﬂfo oo e

= a knockout tournament involving n=2" players igaored only when

m=Na=--=Nr

x>

O

o
@molvm#lww—
w(\)\|~ooo<l|o~01+

crompon * D players divided into n/2 pairs s
" losers of each pair eliminated; winner go next round &3 : 5

—[E] TF] ¢ the process repeated until a single player remains &8 * 4
Pmle : 7

(order
l +Q: How many p0551ble outcomes of the tournament?

2nd round 2
EE W i 7 ot St CT LT IS

@ Alternative aggument . /__ .

~Q: How many texms in (D a o D ' n! I
multinomial Thm (Np.2-10)? a:::pion ;;f, 3;‘*’ g\m PW
» The Number of Integer Solutions | « +— 7
If n and r are positive integers, how many integer solutions are
there to the equations: ny,...,n, >0and n1+---+n, =n ?
»Example: How many arrangements from a A’s and b B’s, for
Jexample, ABAAB? There are (a + b) B (a + b)

s of « Q: How many possible outcomes for the 1% round 72

) — N .s . T g———{tgnored |

I 12354863 O# °f‘d'Ff¢r¢"f pairing .._IL-._.= n@Pa | ,__* n
’St mwd ma‘H’@)“S) 2" 2— 2 Zn/z (n/ ) X("'z'x'?/‘;‘—' (n'/Z-)!

( ioal]) %‘_‘_3 a b
# " ® such arrangements, since an arrangement is determined by the a
places occupied by A.
»Example: Suppose n=8 and r=4. Represent solutions by “0” and
66+,9 b 6‘|”

= For example, ooo|oo||ooomeans n,=3, n,=2, n,=0, n,=3.
= Note: only r—1 (=3) “|’s are needed.
a » There are as many solutions as there are ways to arrange
4

5a nd “|”. By the last example, there are -
() s @\_é@Jr;i <1l> _ 165 2=r
l

° solutions.

(13 7’
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» A general formula. For positive integers n and r, there are

n {1 2--- (ner-n)) ) @ n+T—1 TL—I—T—I SPeCic}lcase of
( ) 3 r—1 - ( n >¢— combination or

r—1 partition of 2 subsets
integer solutions to ni,...,n, >0 and ny +---+n, = n.
»1f n = r, then there are n_ 1 né=n:-\
(r — 1) n'zo

/ / .
solutions with n, = 1, for i=1, ..., r. m'fnz:-w—nr=m+-~+nr-r=n.-r
Summary] > N'=1-Y
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allow vepetibion  no vepebition no vepetition 1o vepetitio

order mafers  order matkers order gnored  [o5eTERT Gl

List Rmmr{'fx‘m Combination —— Poytition (o)
Yux---xTly N —— n ___:‘__ﬂ_‘:___ Intager n
Yegw‘f‘ed not opb'onal ( )r (n“ﬂ.‘ (T) \"l (ﬂ-f)l Solution (n" n'?f“nr)
% _, : n\' r=n LQ' roups  qvou S}
“» Reading: textbook, Chapter 1 Qroup gvoup
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