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Probability_HW09_Solution

Problem 14

定義𝑋 ∶發生事故的位置⇒ 𝑋 ∼ 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0, 𝐿)

𝑌 ∶事故發生時救護車位置⇒ 𝑌 ∼ 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0, 𝐿)

𝑍 = |𝑋 − 𝑌 |是事故地點與救護車距離,則 Z 的可能值介於0 ∼ 𝐿

因 X,Y are independent ,𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝑓𝑋(𝑥) ⋅ 𝑓𝑌 (𝑦) = {
1

𝐿2 , 0 < 𝑥 < 𝐿, 0 < 𝑦 < 𝐿
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

故 Z 的 cdf 是:

𝐹𝑍(𝑧) = 𝑃(|𝑋 − 𝑌 | ≤ 𝑧) = 𝑃(−𝑧 ≤ 𝑋 − 𝑌 ≤ 𝑧) =

⎧{{
⎨{{⎩

0, 𝑖𝑓 𝑧 < 0
1 − 2 ⋅ 1

𝐿2 ⋅ (𝐿−𝑧)2

2⏟⏟⏟⏟⏟
紅色的面積乘上 density

, 𝑖𝑓 0 < 𝑧 < 𝐿

1, 𝑖𝑓 𝑧 > 0

而 Z 的 pdf 是:
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𝑓𝑍(𝑧) = 𝜕𝐹𝑍(𝑧)
𝜕𝑧 = {2 ⋅ (𝐿−𝑧)

𝐿2 , 𝑖𝑓 0 < 𝑧 < 𝐿
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

要回答 Z 的 distribution，報告 cdf 或 pdf 皆可。

Problem 27

𝑋1, 𝑋2
𝐼𝐼𝐷∼ 𝑈(0, 1)

⟹ 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑝𝑑𝑓 𝑜𝑓 𝑋1 𝑎𝑛𝑑 𝑋2 𝑖𝑠 𝑓𝑋1,𝑋2
(𝑥1, 𝑥2) = { 1 , 𝑖𝑓 0 < 𝑥1 < 1 𝑎𝑛𝑑 0 < 𝑥2 < 1

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐿𝑒𝑡 𝑍 = 𝑋1𝑋2 ∈ (0, 1).

𝑇 ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑍 𝑖𝑠 𝐹𝑍(𝑧) = 𝑃(𝑋1𝑋2 ≤ 𝑧) = ∫
1

0
∫

𝑚𝑖𝑛( 𝑧
𝑥1 ,1)

0
1𝑑𝑥2𝑑𝑥1 = ∫

1

0
𝑚𝑖𝑛( 𝑧

𝑥1
, 1)𝑑𝑥1

=

⎧{{{
⎨{{{⎩

∫
𝑧

0
1𝑑𝑥1 + ∫

1

𝑧

𝑧
𝑥1

𝑑𝑥1 = (𝑥1)∣
𝑧

0
+ (𝑧𝑙𝑜𝑔(𝑥1))∣

1

𝑧
= 𝑧 − 𝑧𝑙𝑜𝑔(𝑧) , 0 < 𝑧 < 1

1 , 𝑧 ≥ 1

0 , 𝑧 ≤ 0

𝑆𝑜 𝑃𝑟(𝑍 > 0.5) = 1 − 𝐹𝑍(0.5) = 1 − 0.5 + 0.5𝑙𝑜𝑔(0.5) ≈ 0.1534

Problem 30
𝐿𝑒𝑡 𝑋1 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑟𝑣𝑖𝑐𝑒 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 𝑎𝑛𝑑
𝑙𝑒𝑡 𝑋2 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑟𝑣𝑖𝑐𝑒 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑎𝑐ℎ𝑖𝑛𝑒
𝑇 ℎ𝑒𝑛 𝑋1 ∼ 𝑁(1, 0.052), 𝑋2 ∼ 𝑁(0.95, 0.022) 𝑎𝑛𝑑 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.
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(a)

𝑋1 − 𝑋2 ∼ 𝑁(1 − 0.95, 0.052 + 0.022) = 𝑁(0.05, 0.0029).

𝑃 (𝑋1 < 𝑋2) = 𝑃 (𝑋1−𝑋2 < 0) = 𝑃 (𝑍 < 0 − (1 − 0.95)√
0.052 + 0.022 ) = 𝑃 (𝑍 < −0.05√

0.0029) = Φ(−0.9284767) = 0.17658,

where 𝑍 ∼ 𝑁(0, 1), Φ is the 𝑁(0, 1) cdf.

(b)

𝑋1 + 𝑋2 ∼ 𝑁(1 + 0.95, 0.052 + 0.022) = 𝑁(1.95, 0.0029).

𝑃 (𝑋1 + 𝑋2 < 2.1) = 𝑃 (𝑍 < 2.1 − 1.95√
0.0029 ) = Φ ( 0.15√

0.0029) = Φ(2.78543) = 0.9973,

where 𝑍 ∼ 𝑁(0, 1), Φ is the 𝑁(0, 1) cdf.

Problem 42

𝑇 ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋 𝑖𝑠 ∼ 𝑁(0, 1), −∞ < 𝑋 < ∞.

𝐺𝑖𝑣𝑒𝑛 𝑋 = 𝑥, 𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑑𝑓 𝑜𝑓 (𝑌 ∣ 𝑋 = 𝑥) 𝑖𝑠

𝑓𝑌 ∣𝑋(𝑦 ∣ 𝑥) =
⎧{
⎨{⎩

1
Φ( 𝑥−0

1 )𝜙(𝑦 − 0
1 ) = 𝜙(𝑦)

Φ(𝑥) , 𝑖𝑓 − ∞ < 𝑦 < 𝑥

0 , 𝑖𝑓 𝑥 ≤ 𝑦 < ∞
,

𝑤ℎ𝑒𝑟𝑒 𝜙 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑁(0, 1) 𝑎𝑛𝑑 Φ 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑁(0, 1).

(a)

X, Y joint density: 𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝑓𝑌 |𝑋(𝑦|𝑥) ⋅ 𝑓𝑋(𝑥)

𝑓𝑋,𝑌 (𝑥, 𝑦) =
⎧{
⎨{⎩

𝜙(𝑥) × 𝜙(𝑦)
Φ(𝑥) = 1√

2𝜋 exp (−𝑥2

2 ) ⋅ exp (−𝑦2/2)√
2𝜋Φ(𝑥) , 𝑖𝑓 − ∞ < 𝑦 < 𝑥 < ∞

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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(b)

𝑓𝑌 (𝑦) = ∫ 𝑓𝑋,𝑌 (𝑥, 𝑦)𝑑𝑥

= ∫
∞

𝑦

𝜙(𝑥)
Φ(𝑥)𝜙(𝑦)𝑑𝑥 (from 𝑓𝑋,𝑌 (𝑥, 𝑦) as defined in (a)).

= 𝜙(𝑦) ∫
∞

𝑦

𝜙(𝑥)
Φ(𝑥)𝑑𝑥

= 𝜙(𝑦) ⋅ [ln Φ(𝑥)]∞𝑦

= 𝜙(𝑦) ⋅ (0 − ln Φ(𝑦))

= −𝜙(𝑦) ln Φ(𝑦)

= − 1√
2𝜋 exp (−𝑦2

2 ) ln Φ(𝑦), where − ∞ < 𝑦 < ∞.

(c)

− ∫
∞

−∞
𝜙(𝑦) ln Φ(𝑦)𝑑𝑦

(⋆)= − ∫
0

−∞
𝑢𝑒𝑢𝑑𝑢

= − [(𝑢𝑒𝑢)∣0−∞ − ∫
0

−∞
𝑒𝑢𝑑𝑢]

= − [(0 − 0) − (𝑒𝑢)∣0−∞]

= (𝑒𝑢)∣0−∞ = 1 − 0 = 1.

(⋆) ∶( 𝑢 = log(Φ(𝑦)) ⟹ 𝑒𝑢 = Φ(𝑦), −∞ < 𝑢 < 0
𝑑𝑢 = 𝜙(𝑦)

Φ(𝑦) 𝑑𝑦 ⟹ 𝑢𝑒𝑢𝑑𝑢 = 𝜙(𝑦) ln Φ(𝑦)𝑑𝑦. )

Note: In (b), we derive 𝑓𝑌 (𝑦) = − 1√
2𝜋 exp (−𝑦2

2 ) ln Φ(𝑦), where − ∞ < 𝑦 < ∞.

Since 0 < Φ(𝑦) ≤ 1 ∀ − ∞ < 𝑦 < ∞, thus ln Φ(𝑦) < 0 ∀ − ∞ < 𝑦 < ∞.

And therefore 𝑓𝑌 (𝑦) > 0 ∀ − ∞ < 𝑦 < ∞.
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Problem 43

𝐿𝑒𝑡 𝑍1, 𝑍2 𝑏𝑒 𝐼𝐼𝐷 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑓𝑟𝑜𝑚 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0, 1).

𝑇 ℎ𝑒𝑛, 𝑋, 𝑌 are order statistics of 𝑍1, 𝑍2, 𝑖.𝑒., 𝑍(1) 𝑎𝑛𝑑 𝑍(𝑛) respectively.

𝐹𝑜𝑟 𝑛 = 2, 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑝𝑑𝑓 𝑜𝑓 𝑋 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 ∶

𝑓𝑋(𝑥) = 𝐶𝑛
1 ⋅ 𝑓(𝑥) ⋅ [1 − 𝐹(𝑥)]𝑛−1

= 𝑛 ⋅ 𝑓(𝑥) ⋅ [1 − 𝐹(𝑥)]𝑛−1

= { 2(1 − 𝑥) , 0 < 𝑥 < 1
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑓𝑌(𝑦) = 𝐶𝑛
1 ⋅ 𝑓(𝑦) ⋅ [𝐹 (𝑦)]𝑛−1

= 𝑛 ⋅ 𝑓(𝑦) ⋅ [𝐹 (𝑦)]𝑛−1

= { 2𝑦 , 0 < 𝑦 < 1
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐼𝑛 𝑡ℎ𝑖𝑠 𝑒𝑥𝑎𝑚𝑝𝑙𝑒, 𝑓 𝑎𝑛𝑑 𝐹 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0, 1), 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.

𝑊𝑒 𝑎𝑙𝑠𝑜 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒𝑖𝑟 𝑗𝑜𝑖𝑛𝑡 𝑝𝑑𝑓 ∶

𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝐶𝑛
2 ⋅ 2! ⋅ 𝑓(𝑥) ⋅ 𝑓(𝑦) ⋅ [𝐹 (𝑦) − 𝐹(𝑥)]𝑛−2

= 𝑛(𝑛 − 1) ⋅ 𝑓(𝑥) ⋅ 𝑓(𝑦) ⋅ [𝐹 (𝑦) − 𝐹(𝑥)]𝑛−2

= { 2 , 0 < 𝑥 < 𝑦 < 1
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑆𝑜 𝑓𝑌 |𝑋(𝑦|𝑥) = 𝑓𝑋,𝑌 (𝑥, 𝑦)
𝑓𝑋(𝑥)

= 𝑛(𝑛 − 1) ⋅ 𝑓(𝑥) ⋅ 𝑓(𝑦) ⋅ [𝐹 (𝑦) − 𝐹(𝑥)]𝑛−2

𝑛 ⋅ 𝑓(𝑥) ⋅ [1 − 𝐹(𝑥)]𝑛−1

= (𝑛 − 1)𝑓(𝑦) ⋅ [𝐹 (𝑦) − 𝐹(𝑥)]𝑛−2

[1 − 𝐹(𝑥)]𝑛−1 .

= { 1/(1 − 𝑥) , 𝑥 < 𝑦 < 1
0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑇 ℎ𝑎𝑡 𝑖𝑠, (𝑌 ∣ 𝑋 = 𝑥) ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(𝑥, 1).

𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑓𝑌 ∣𝑋(𝑦 ∣ 𝑥) ≠ 𝑓𝑌 (𝑦), 𝑋 𝑎𝑛𝑑 𝑌 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.
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Problem 45

(a)

𝑊𝑒 𝑓𝑖𝑟𝑠𝑡 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑑𝑒𝑛𝑠𝑖𝑡𝑖𝑒𝑠.

𝑓𝑋(𝑥) = ∫
∞

0
𝑓(𝑥, 𝑦)𝑑𝑦

= 𝑥𝑒−𝑥 ∫
∞

0
𝑒−𝑥𝑦𝑑𝑦

= 𝑥𝑒−𝑥( − 1
𝑥𝑒−𝑥𝑦)∣

𝑦=∞

𝑦=0

= 𝑥𝑒−𝑥(0 + 1
𝑥)

= 𝑒−𝑥, 𝑓𝑜𝑟 𝑥 > 0.

𝑎𝑛𝑑 𝑓𝑋(𝑥) = 0, 𝑓𝑜𝑟 𝑥 ≤ 0.

𝑓𝑌 (𝑦) = ∫
∞

0
𝑓(𝑥, 𝑦)𝑑𝑥

= ∫
∞

0
𝑥𝑒𝑥(𝑦+1)𝑑𝑥

(⋆)= (𝑥 −1
𝑦 + 1𝑒−𝑥(𝑦+1))∣

𝑥=∞

𝑥=0
− ∫

∞

0

−1
𝑦 + 1𝑒−𝑥(𝑦+1)𝑑𝑥

= (0 − 0) − ( 1
(𝑦 + 1)2 𝑒−𝑥(𝑦+1))∣

𝑥=∞

𝑥=0

= 1
(𝑦 + 1)2 , 𝑓𝑜𝑟 𝑦 > 0.

𝑎𝑛𝑑 𝑓𝑌 (𝑦) = 0, 𝑓𝑜𝑟 𝑦 ≤ 0.

(⋆) ∶ 𝐷𝑜 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ ( 𝑢 = 𝑥 𝑑𝑢 = 𝑑𝑥
𝑣 = 𝑒−𝑥(𝑦+1) 𝑑𝑣 = (−𝑒−𝑥(𝑦+1))/(𝑦 + 1)𝑑𝑥 ) 𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ 0 < 𝑥 < ∞}

𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒
⎧{{
⎨{{⎩

𝑓𝑋∣𝑌 (𝑥∣𝑦) = 𝑓(𝑥, 𝑦)
𝑓𝑌 (𝑦) = { 𝑥(𝑦 + 1)2𝑒−𝑥(𝑦+1) , 𝑥 > 0, 𝑦 > 0

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑓𝑌 ∣𝑋(𝑦∣𝑥) = 𝑓(𝑥, 𝑦)
𝑓𝑋(𝑥) = { 𝑥𝑒−𝑥𝑦 , 𝑥 > 0, 𝑦 > 0

0 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
.
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(b)

𝑇 ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑍 𝑖𝑠 𝐹𝑍(𝑧) = 𝑃𝑟(𝑍 ≤ 𝑧)

= 𝑃𝑟(𝑋𝑌 ≤ 𝑧)

= ∫
∞

0
∫

𝑧/𝑥

0⏟⏟⏟⏟⏟
(⋆)

𝑥𝑒−𝑥(𝑦+1)𝑑𝑦𝑑𝑥 (⋆) ∶ (𝑆𝑒𝑒 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ.)

= ∫
∞

0
(( − 𝑒−𝑥(𝑦+1))∣

𝑦=𝑧/𝑥

𝑦=0
)𝑑𝑥

= (1 − 𝑒−𝑧) ∫
∞

0
𝑒−𝑥𝑑𝑥

= 1 − 𝑒−𝑧, 𝑓𝑜𝑟 𝑧 > 0.

𝑎𝑛𝑑 𝐹𝑍(𝑧) = 0, 𝑓𝑜𝑟 𝑧 ≤ 0.

𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑧 𝑔𝑖𝑣𝑒𝑠 ∶

𝑓𝑍(𝑧) = { 𝑒−𝑧 , 𝑖𝑓 𝑧 > 0.
0 , 𝑖𝑓 𝑧 ≤ 0.
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Problem 48

𝑇 ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑖𝑠 ∶

𝑃𝑟(𝑋(2) > 2𝑋(1))

= 𝑃𝑟(𝑚𝑎𝑥(𝑋1, 𝑋2) > 2𝑚𝑖𝑛(𝑋1, 𝑋2))

= 𝑃 𝑟(𝑋1 > 2𝑋2∣𝑋1 > 𝑋2)𝑃𝑟(𝑋1 > 𝑋2) + 𝑃𝑟(𝑋2 > 2𝑋1∣𝑋2 > 𝑋1)𝑃𝑟(𝑋2 > 𝑋1)

(⋆)= 2(𝑃𝑟(𝑋1 > 2𝑋2)
𝑃𝑟(𝑋1 > 𝑋2) 𝑃𝑟(𝑋1 > 𝑋2)) (⋆) ∶ (𝑆𝑖𝑛𝑐𝑒 𝑋1, 𝑋2 𝑎𝑟𝑒 𝐼𝐼𝐷.)

= 2𝑃𝑟(𝑋1 > 2𝑋2)

= 2 ∫
∞

0
∫

∞

2𝑥2⏟⏟⏟⏟⏟
(⋆⋆)

𝑓𝑋1,𝑋2
(𝑥1, 𝑥2)𝑑𝑥1𝑑𝑥2 (⋆⋆) ∶ (𝑆𝑒𝑒 𝑡ℎ𝑒 𝑔𝑟𝑎𝑝ℎ.)

= 2 ∫
∞

0
∫

∞

2𝑥2

𝜆𝑒−𝜆𝑥1𝜆𝑒−𝜆𝑥2𝑑𝑥1𝑑𝑥2

= 2 ∫
∞

0
𝜆𝑒−𝜆𝑥2{( − 𝑒−𝜆𝑥1)∣

∞

2𝑥2

}𝑑𝑥2

= 2 ∫
∞

0
𝜆𝑒−𝜆𝑥2𝑒−2𝜆𝑥2𝑑𝑥2

= 2𝜆 ( − 1
3𝜆𝑒−3𝜆𝑥2)∣

∞

0

= 2
3

(𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑖𝑛 𝐿𝑁𝑝.7 − 17 !)
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Problem 52

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑃𝑟(𝑋𝑖 > 𝑎) = 1 − 𝐹𝑋𝑖
(𝑎) = (1 − 𝑝)

𝑎
∀𝑎 ∈ ℤ+.

(a)

𝑃𝑟{𝑚𝑖𝑛(𝑋1, … , 𝑋𝑛) > 𝑎} = 𝑃𝑟(𝑋1 > 𝑎)𝑃𝑟(𝑋2 > 𝑎) … 𝑃𝑟(𝑋𝑛 > 𝑎) = (𝑃𝑟(𝑋1 > 𝑎))
𝑛

= (1 − 𝑝)
𝑎𝑛

⟹𝑃𝑟{𝑚𝑖𝑛(𝑋1, … , 𝑋𝑛) ≤ 𝑎} = 1 − (1 − 𝑝)
𝑎𝑛

(b)

𝑃𝑟{𝑚𝑎𝑥(𝑋1, … , 𝑋𝑛) ≤ 𝑎} = 𝑃𝑟(𝑋1 ≤ 𝑎)𝑃𝑟(𝑋2 ≤ 𝑎) … 𝑃𝑟(𝑋𝑛 ≤ 𝑎) = (𝑃𝑟(𝑋1 ≤ 𝑎))
𝑛

⟹𝑃𝑟{𝑚𝑎𝑥(𝑋1, … , 𝑋𝑛) ≤ 𝑎} = (1 − (1 − 𝑝)
𝑎
)

𝑛

Theoretical Exercise 22

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡
⎧{
⎨{⎩

𝑊 ∼ Γ(𝑡, 𝛽) ⟹ 𝑓𝑊 (𝑤) = 𝑒−𝛽𝑤𝑤𝑡−1𝛽𝑡

Γ(𝑡) , 𝑤 > 0.
(𝑋𝑖∣𝑊 = 𝑤) 𝑖𝑖𝑑∼ 𝐸𝑥𝑝(𝑤) ⟹ 𝑓(𝑥𝑖∣𝑤) = 𝑤𝑒−𝑤𝑥𝑖 , 𝑥𝑖 > 0.

⟹ 𝑓(𝑥1, … , 𝑥𝑛, 𝑤)=𝑓(𝑥1, … , 𝑥𝑛∣𝑤)𝑓𝑊 (𝑤) =
𝑛

∏
𝑖=1

𝑓(𝑥𝑖∣𝑤)𝑓𝑊 (𝑤)

= (𝑤𝑛(𝑒−𝑤 ∑𝑛
𝑖=1 𝑥𝑖))𝑒−𝛽𝑤𝑤𝑡−1𝛽𝑡

Γ(𝑡) = 1
Γ(𝑡)𝛽𝑡𝑤𝑛+𝑡−1𝑒𝑥𝑝{ − 𝑤(

𝑛
∑
𝑖=1

𝑥𝑖 + 𝛽)}, 𝑤 > 0, 𝑥𝑖 ≥ 0 ∀ 𝑖 = 1, … , 𝑛.

⟹ 𝑓(𝑥1, … , 𝑥𝑛) = ∫
∞

0

1
Γ(𝑡)𝛽𝑡𝑤𝑛+𝑡−1𝑒−𝑤(∑𝑛

𝑖=1 𝑥𝑖+𝛽)𝑑𝑤 = 𝛽𝑡

Γ(𝑡)
Γ(𝑛 + 𝑡)

(∑𝑛
𝑖=1 𝑥𝑖 + 𝛽)𝑛+𝑡 , 𝑥𝑖 ≥ 0, 𝑖 = 1, … , 𝑛.

⟹ 𝑓(𝑤∣𝑥1, … , 𝑥𝑛) =

⎧{{
⎨{{⎩

( 𝛽𝑡
Γ(𝑡) 𝑤𝑛+𝑡−1𝑒−𝑤(∑𝑛

𝑖=1 𝑥𝑖+𝛽))

( 𝛽𝑡
Γ(𝑡)

Γ(𝑛+𝑡)
(∑𝑛

𝑖=1 𝑥𝑖+𝛽)𝑛+𝑡 )
= (∑𝑛

𝑖=1 𝑥𝑖+𝛽)𝑛+𝑡

Γ(𝑛+𝑡) 𝑤𝑛+𝑡−1𝑒−𝑤(∑𝑛
𝑖=1 𝑥𝑖+𝛽), 𝑤 > 0, 𝑥𝑖 ≥ 0, 𝑖 = 1, … , 𝑛

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

.

𝑆𝑜 (𝑊 ∣ 𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛) ∼ Γ(𝑡 + 𝑛,
𝑛

∑
𝑖=1

𝑥𝑖 + 𝛽).
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Theoretical Exercise 24

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑋 − ⌊𝑋⌋ ∈ [0, 1), 𝑠𝑜
⎧{
⎨{⎩

Pr {⌊𝑋⌋ = 𝑛, 𝑋 − ⌊𝑋⌋ ≤ 𝑥} = 𝑃𝑟{⌊𝑋⌋ = 𝑛} , 𝑖𝑓 1 ≤ 𝑥
Pr {⌊𝑋⌋ = 𝑛, 𝑋 − ⌊𝑋⌋ ≤ 𝑥} = 𝑃𝑟{𝑛 ≤ 𝑋 ≤ 𝑛 + 𝑥} , 𝑖𝑓 0 ≤ 𝑥 < 1

.

𝑊ℎ𝑒𝑛 1 ≤ 𝑥, 𝑃 𝑟{⌊𝑋⌋ = 𝑛, 𝑋 − ⌊𝑋⌋ ≤ 𝑥} = 𝑃𝑟{⌊𝑋⌋ = 𝑛} ×
1

⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑃𝑟{𝑋 − ⌊𝑋⌋ ≤ 𝑥} (△)

𝑁𝑜𝑤, 𝑤𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑡ℎ𝑎𝑡 0 ≤ 𝑥 < 1 ∶

(⋆)

⎧{{
⎨{{⎩

𝑃𝑟{⌊𝑋⌋ = 𝑛} = 𝑃𝑟{𝑋 ∈ [𝑛, 𝑛 + 1)} = 𝑃𝑟{𝑋 < 𝑛 + 1} − 𝑃𝑟{𝑋 < 𝑛}

= 𝐹𝑋(𝑛 + 1) − 𝐹𝑋(𝑛) = (1 − 𝑒−𝜆(𝑛+1)) − (1 − 𝑒−𝜆𝑛)

= 𝑒−𝜆𝑛 − 𝑒−𝜆(𝑛+1) = 𝑒−𝜆𝑛(1 − 𝑒−𝜆)

(⋆⋆)

⎧{{{{{
⎨{{{{{⎩

𝑃𝑟{𝑋 − ⌊𝑋⌋ ≤ 𝑥} = 𝑃𝑟{0 < 𝑋 < 𝑥} + 𝑃𝑟{1 < 𝑋 < 1 + 𝑥} + …

= (𝑒0 − 𝑒−𝜆𝑥) + (𝑒−𝜆 − 𝑒−𝜆(1+𝑥)) + …

=
∞

∑
𝑖=0

𝑒−𝜆𝑖(1 − 𝑒−𝜆𝑥)

= 1 − 𝑒−𝜆𝑥

1 − 𝑒−𝜆

𝑃𝑟{⌊𝑋⌋ = 𝑛, 𝑋 − ⌊𝑋⌋ ≤ 𝑥} = 𝑃𝑟{𝑋 ∈ [𝑛, 𝑛 + 𝑥]}
(□)= 𝑃𝑟{𝑋 ≤ 𝑛 + 𝑥} − 𝑃𝑟{𝑋 ≤ 𝑛}
(□)= 𝐹𝑋(𝑛 + 𝑥) − 𝐹𝑋(𝑛)
(□)= (1 − 𝑒−𝜆(𝑛+𝑥)) − (1 − 𝑒−𝜆𝑛)
(□)= 𝑒−𝜆𝑛(1 − 𝑒−𝜆𝑥)
(□)= (𝑒−𝜆𝑛(1 − 𝑒−𝜆))(1 − 𝑒−𝜆𝑥

1 − 𝑒−𝜆 )

(□)= 𝑃𝑟{⌊𝑋⌋ = 𝑛}𝑃𝑟{𝑋 − ⌊𝑋⌋ ≤ 𝑥} (𝐵𝑦 (⋆) 𝑎𝑛𝑑 (⋆⋆))

𝐹𝑟𝑜𝑚 (△) 𝑎𝑛𝑑 (□), 𝑤𝑒 𝑐𝑎𝑛 𝑒𝑎𝑠𝑖𝑙𝑦 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑃𝑟{⌊𝑋⌋ ≤ 𝑛, 𝑋−⌊𝑋⌋ ≤ 𝑥} = 𝑃𝑟{⌊𝑋⌋ ≤ 𝑛}×𝑃𝑟{𝑋−⌊𝑋⌋ ≤ 𝑥}.
𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑗𝑜𝑖𝑛𝑡 𝑐𝑑𝑓 𝑜𝑓 ⌊𝑋⌋ 𝑎𝑛𝑑 𝑋−⌊𝑋⌋ 𝑖𝑠 𝑎 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒𝑖𝑟 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑐𝑑𝑓 ′𝑠, ⌊𝑋⌋ 𝑎𝑛𝑑 𝑋−⌊𝑋⌋ 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.

𝑇 𝑜 𝑠𝑢𝑚𝑚𝑎𝑟𝑖𝑧𝑒, 𝑤𝑒 ℎ𝑎𝑣𝑒 Pr {⌊𝑋⌋ = 𝑛, 𝑋 − ⌊𝑋⌋ ≤ 𝑥} =
⎧{
⎨{⎩

𝑒−𝜆𝑛(1 − 𝑒−𝜆) , 𝑖𝑓 1 ≤ 𝑥
𝑒−𝜆𝑛(1 − 𝑒−𝜆𝑥) , 𝑖𝑓 0 ≤ 𝑥 < 1

,

𝑎𝑛𝑑 ⌊𝑋⌋ 𝑎𝑛𝑑 𝑋 − ⌊𝑋⌋ 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.
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