NTHU MATH 2810, 2024 Solution to Homework 9

Probability  HW09 Solution

Problem 14

EFX : BAEFMWINIE = X ~ uniform(0, L)
Y : Fs ARG AL E = Y ~ uniform(0, L)

Z = |X = Y[R SO B EGE AR, 1) Z i T RE(E R0 ~ L

1

=, O0<zx<L0<y<L
X,Y are independent ,fy y(2,9) = fx(2) - fy(y) =< L* .ac Y
’ 0, otherwise

% %%

Ln,b)/\ /.;
7

0,if z2<0

o Y
/5 (L,u{rx‘
1—2. L. &= Gy <<

Fy(2)=P(|X -Y|<2)=P(—2<X-Y <2 = 22
AL TR - density
Lif 2>0

W Z 1 edf 2

M Z 1 pdf 2:
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f2(2)

_aFZ(z)_{2-<LL——;2,if 0<z<L
— =z

0, otherwise

B Z W) distribution, #ii5 cdf 5 pdf 0],

Problem 27

X, X, "2 U0,1)

1 ,if0<z;<land0<ay<1

= the joint pdf of Xy and X, is fx x,(x1,25) = { 0 . otherwise

Let Z =X, X, € (0,1).

ﬁ)&
%=
| X,

ol

1 smin( 1
The cdf of Zis Fy(z) = P(X;X, < 2) = / / ldxydz, = / min(i, 1>dx1
0o Jo 0 1

z 1
/ 1dz, —I—/ ida:l = (z4)
0 z Ty

1 , z2>1

1
=z—zlog(z) ,0<z<1

z

+ (zlog(xy))
0

z

0 , 2<0

So Pr(Z > 0.5) =1— F,(0.5) =1 — 0.5+ 0.5l0g(0.5) ~ 0.1534

Problem 30

Let X, be the service time of the first machine and
let X, be the service time of the second machine
Then X; ~ N(1,0.05%), X, ~ N(0.95,0.02%) and they are independent.

made by MEAE, WRARLE, 5B B



NTHU MATH 2810, 2024 Solution to Homework 9

(a)

X, — X, ~ N(1—0.95,0.05% + 0.022) = N(0.05,0.0029).

P(X, < X;) = P(X;~X, <0) = P (z < 0—(1—095>>

—0.05
= < = ®(—0.9284767) = 0.17658,
v0.052 4 0.022 ( \/0.0029> ( )

where Z ~ N(0,1), @ is the N(0,1) cdf.

X, 4 Xy ~ N(140.95,0.052 + 0.022) = N(1.95,0.0029).

21-1.95 0.15
PX,+X,<21)=P(2<2—=72) —a [ ——=2_ ) = ©(2.78543) = 0.9973,
X+ Xy ) ( v/0.0029 ) <\/0.0029> ( )

where Z ~ N(0,1), @ is the N(0,1) cdf.
Problem 42

The marginal distribution of X is ~ N(0,1),—o0 < X < o0.

Given X = x, the conditional pdf of <Y ‘ X = :zc) s

y—0._ oy .
ol 1 )—@(m) Jif —oco<y<uw

yif r <y<oo

where ¢ is the pdf of N(0,1) and ® is the cdf of N(0,1).

X, Y joint density: fx y(z,y) = fy|x(yl2) - fx(z)

ok W L@ exp(—y?/2) o
fxy(x,y){‘b“x@(x)‘mep( ) Sy i <<

, otherwise
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(b)

fy () :/fX’y(%y)dx

= / ¢<i) ¢(y)dz  (from fx y(x,y) as defined in (a)).

= o(y) / gg)) dx

= ¢(y) - [In@(z)]5°
=¢(y) - (0—In®(y))

= —¢(y) In @(y)

1 y2)
=———exp|—= | In®(y), where —oo <y < o0.
NoT p< 5 () y

= () _=1-0=1.

u =log(®(y)) = e =(y), —c0o <u<0

(*) : ( du = %du = wuedu = ¢(y) In ®(y)dy. )

Note: In (b), we derive fy(y) = —

1 yz)
exp | —= | In®(y), where —o0 <y < o0.
o (- Jwe) y

Since 0 < ®(y) <1 V —oco<y<oo, thus In®(y) <0 V —oo<y< 0.

And therefore fy(y) >0 V —oo <y < oo.
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Problem 43

Let Z,, Z, be IID random variables from Uniform(0,1).
Then, X, Y are order statistics of Z;, Z,, i.e., Z) and Z, respectively.

For n =2, the marginal pdf of X and Y are :

fx(@) = Cp - fla) [1— F(a)
=n- f(x) . [1 _ F(x)]n—l

[ 21-2) ,0<z<1
10 , otherwise

fyy) =CF - fy) - [Fy)]™ "
=n-f(y) - [Fy)]*!

_{ 2y ,0<y<l1

1 0 , otherwise

In this example, f and F are the pdf and the cdf of Uniform(0,1), respectively.

We also have their joint pdf :

fxy(z,y) =03 -2 f(z)- f(y)- [Fy) — F(x)]"?
=n(n—1)- f(z)- f(y) - [Fly) — F(z)]"?

2 ,0<z<y<l1
0 , otherwise

So fyx(ylz) = fo;((i’)y)

_ 1/(1—96) ,r<y<l1
0 , otherwise

That is, (Y ’ X = x) ~ Uniform(z,1).

Because fy|X(y | 2) # fy(y), X and Y are not independent.
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Problem 45

(a)

We first find the marginal densities.

fxla) = / f(ay)dy

= ze ”‘/ e Vdy
0

1 e
= xe’x( — 767:1:7;)
x =0
1
=ze 7 (O + f)
x
=e*, forxz>0.
and fx(x) =0, for x <O0.
bl = [ oo
0
= / re* Wt dy
0
® (m 1 67m<y+1>) _ / 1 e gy
y+1 20 b y+1
- (1-0)- ()
(y + 1) =0
1
= 5, fory>0
(y+
and fy(y) = 0, fory <.
U= du = dx _
(%) = Do integration by parts with ( v — =2t gy — (76796(%1))/@ +1)da ) over {I cEZ|0<z< oc}

~

. z,y zly+1)2e 2t >0, y>0
Fyplaly) = L8~ Lalv D v
X|Y Iy (y) 0 , otherwise

N Sy f we , x>0, y>0
fY’X(y|l)  fx(@) L0 , otherwise

So we have

~
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(b)

Ya

The cdf of Z is Fy(z) = PT<Z < z)

- Pr<XY < z)

0o pz/T
= / / re W dydx (%) : <See the gmph.)
0 )0
(*)

o0 y=z/x
:/O (( _e—m(y+1)> . )dm

oo

- (1—e2)/0 e~*dx

=1—e% forz>0.

and F,(z) =0, for z<0.
Dif ferentiating with respect to z gives :

e ,ifz>0.
fZ(Z):{ 0 ,if2<0.
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Problem 48
s
\

7(/ = LX’\/

}%\)

0

The desired quantity is :

Pr( Xy > 2X))
= Pr(max(Xl,XQ) > 2min(X1,X2)>
- Pr(X1 > 2X,|X, > X2>PT(X1 > X2> + Pr<X2 > 2X | X, > X1>Pr<X2 > Xl)

(%) 2<PT(X1 >2X,)

= Pr(X, > X,) Pr(X1 > X2)> (%) : (Since X, X, are I[D.)

- 2Pr<X1 > 2X2)

2 / / Ix, x, (@1, 29)dz dz, (%) : (Sce the graph.)
0 2%,

———

()
= 2/ / Ae A \e M2y da,
0 2z,
= 2/ e~ A2 { ( — e’”l) }da:2
0 2x4

oo
= 2/ e A2e=2AT2 g,
0

on (= Lem)]
2
E]

<Comparc this problem with the example in LNp.7T — 17 !>
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Problem 52
Note that Pr(X; >a) =1~ Fx (a) = (1 —p)a YaeZ".
(a)
Pr{min(Xl, ...,Xn) > a} = Pr(Xl > a)Pr(X2 > a) ...Pr(Xn > a> = (Pr(Xl > a))n = (1 —p)an
=>P7“{min(X1, ,Xn> < a} =1—- (1 —p)an
(b)
Pr{max(Xl,... ,Xn) < a} = P?"(X1 < a)Pr(X2 < a) ...Pr(Xn < a) = <P7‘(X1 < a))n

oprfmar(si 5 2ob- (1 (1))

Theoretical Exercise 22
W ~T(t,8) = fy(w) = S22 w > 0.

< (1)
X;

Note that iid
{ W= w) ~ Exp(w) = f(z;|w) = we "%, z; > 0.
= f(xq, .z, w)=f(2q, ... ,xn‘w)fw(w) = Hf(ml
i=1

w) fyr (w)

n —Bw,,t—1 2t i n
= (w’ﬂ(e’wz'ilwi)> etw - iﬁtw"*‘ exp{ — w(le Jrﬂ)}, w>0, 2, >0Vi=1,..,n.
i=1

NG ()
Rl | =" Bt I'(n+t .

= f(zq,...,2,) = / ﬁﬁtw”“*le Wiy i H0) oy = T 5 ) — 2,20, i=1,..,n

Bt n+t—1 w<z?1zi+ﬁu> .

NG e n ) n

= (27?<Zi§3) wn+tileiw<zi:1 Ii+6>7 w > 07 'CL.’L- 2 07 Z == ]-7 ey
- f(w|x17 7xn> = (ﬁf C(ntt) ) :
T(t) (277:7/:1 z;+B)N Tt

0, otherwise

So (W ‘ Xl :xlv'-~7Xn _‘Ln> Nr(t+n7Zl’Z+ﬁ)
i=1
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Theoretical Exercise 24

Note that X — | X| € {0’1)’ 50{ Pr%LXJ =n, i— | X ixizprgpﬂ :n} Jifl<z

= Pr nSXSn—I—m} yif0<z<1 .
1

When 1<z, Pr{m =n, X —|X]| < 3:} = Pr{m = n} X Pr{X X < x} (2)

Now, we consider the case that 0 < x < 1:
Pr{|X]=n}=pPr{xenn+1)}=Pr{Xx<n+1}—Pr{X <n}

(*) = Fy(n+1) — Fy(n) = (1 _ e—x<n+1>) _ <1 _ e—m)

— oA _ g An) e—)\n(l _ e—A)

)
<
=
>
|
AN
K
——
Il

Pr{O<X<J:}+Pr{1<X<1+x}+...

) + (e_)‘—e_>‘(1+z)) + ..
(%) _ i e—)\i(l - e—Aa:)

[
/N
)

o
!
QI
>
8

P’I"{LXJ =n, X —|X] gx} :Pr{XG [n,n—i—x]}
= Pr{X§n+x}—Pr{X§n}

= Fx(n+x)— Fx(n)

— (1 _ 67A<n+w)) _ (1 _ efm)

— ef)\n(l_ 7,\90)

= (0= (=)

) pr{ — n}Pr{X | < } (By (%) and (**)>

From (A\) and (O0), we can easily show that Pr{ | X| <n, X—|X| < x} == Pr{ [X] < n}xPr{X— |X] < ;v}

Since the joint cdf of | X | and X—|X | is a product of their marginal cdf’s, | X | and X—| X | are independent.
e’\”El—e’\) yif 1<

To summarize, we have Pr { | X|=n, X—|X]| < x} = ,
e 1—641) Lif0<z<1

and | X | and X — | X | are independent.
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