NTHU MATH 2810, 2024 Solution to Homework 8
% 2%/ HWOS

6.3

A B Rproblem 6.2 ° 481 A 13RS P BB QRSB IR » HFRFZHERIAE » 3
st a RmIR o

1, if the i-th white ball is selected
Let Y; = ;where i=1,2,...5.
0, otherwise

6.3(a)
(Y1,Ys) T #6894 % 5 (0,0),(0,1),(1,0),(1,1) o H A% F 44 (joint pmf)4= T

Fe 1A 230 & IRk A R T a9 R

11
P(Yy =0,Y, = 0) = P(1F=25% & 3R AR ZAE) = Ef’gg
3

CERE T LT

ARG B 0 13 G B AR T R R

11
P(Y1=0,Y; = 1) = P(132 @ R AL 298 & AKE) = E{g;
3
P =1%=0)= P(¥ =0, = 1) = (]
SRE A2 & A R T a9 R
11
P(Y1 =1,Y, =1) = P(15A0298 & A E) = ()

(5)

(133)7 if (y17y2) = (O, 1) or (170)

Hence,the joint pmf of (Y1,Y3) is Py1y2(y1,y2) = (5)
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6.3(b)

(Y1, Yo, Ys) T 48 89 % R 4 (0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1) o H # %
f& (joint pmf)4= T :

421,235 &1 3l £ | T 69 A

10
Py, v,.v,(0,0,0) = P(1,2,358 & 3R A AKX E) = 2133;
3
AU RPEUAE SLEEINESE 258 e
10
Py, v,v,(1,0,0) = P(132 & 3R » 2 338 G A AE) = Efgg
3

VASLFAIE © Py y, v,(1,0,0) = Py, v,3,(0,1,0) = Py, v, v,(0,0,1)

L AREACE U ASE SRR 225

-~

10
Pyl’y%y?)(l, 1, 0) = P(l,2§ﬁéfj¢3ﬁ3§ ’ 3%\-5—7}*/?(5’95)(3%) = (1)

(5)

VASREE 0 Py, v, v,(1,1,0) = Py v,v5(1,0,1) = Py, v, v, (0,1, 1)

I ,2,37% & 3Rk 6 B B
1

()

Privoys(1,1,1) = P(1,2, 35 & 5AkE) =

6.7

By question, Y7 = X; +1 ~ Geo(p) and Y5 = X5 + 1 ~ Geo(p) with Y; 1L Y,
(1L represents independent).
The joint pmf of (X, X5) is

Px, x,(21,72) = Py, vy (01 + 1,22 + 1)
= Py, (x1+ 1) X Py,(z2+ 1)
=1=p"px(1-p)=p
=p*(1—p)™ ™ for 11=0,1,2,..,29=0,1,2,...

6.9

cre™, 0<y<x<1
Let  f(z,y) =
0, otherwise
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6.9(a)
1 T
/ f(z,y)dzdy = / / cre Vdydx
0<y<z<1 0o Jo
1
= / cx[—e Y]|fdx
0
1
:/ cx(l—e*)dx
0
1 1
:c[/ xdx—/ xe Ydx]
0 0
x? 1
RHS = c{[ 1l — (-ae s+ [ o))
0
1
—cfy+et =)
=cX (_71—1—26_1) =1
Hence, ¢ = 5.
6.9(b)

=cx(l—e™")
00l g<z<1
=2r——— x
et —1 7~ —
21" 0<zr<1
Hence , fx(z) = demi-1 -
0, otherwise

6.9(c)
1 22
R
Y 2
2
=ce "V 1~y
2
e V(1—y?%)
—0<y <1
fet—1 0 =Y=
€ y(ll—y ) 0< <1
Hence , fy(y)=< * '’ =Y=
0, otherwise
3
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6.9(d)

Since

And,

1 2 2 .
P(X<§):4e*1—1 i r —xe “dx
2 2% 1 2
— (56 -z [F o))
4e=l — 1270 ° "/
2 1 .
_46_1_1{§+§e +[€ ”0}
2 1 3
_ S |
eioigtae Tl
1277 -7
167! — 4
7 yeX
AR

[
[
/l‘{]‘l/’ | >?(

— e

o) 5 2

jt(%‘/) e %’*T[j
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NTHU MATH 2810, 2024 Solution to Homework 8
where
) + 2 / ’ ye Ydy
0 0

_ . .
3 3
+ / e Ydy
0 0 .

r 1
1 _a
— e 42| —ce i+ [—e Y] ]

1

3
/ yle Vdy = —y’e"
0

s o] ye
= ——¢ —ye
5 y

1 1 1 1 25 1
— PY <=, X<=)=—[-(1—¢3)+ —e3—2

3 5
1 91 . 7
= T 13t C )

o=

36° 4
Hence,

1 1. PY<ix<b
ANS=PY < -|X < =) = 3 2
( 3‘ 2) P(X < 3)

;[
4e=T—1136

1
12¢2 -7
16e—1—4

9le5 — 63
108¢~2 — 63
~ 0.8799

()]

2 1
o 371 __21_ —1
o Tl )}
103e -1
= ~ 0.7327
3 de 1 —1
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Solution to Homework 8

6.9(f)
1 ! )
1 | 2 ' ! 2
- | —e Y 1_ 1_ -y
%4_1_<3y( y)0+£( 3y )e Y dy
1 N
=—— |- Y(1-3 — bye Y
1| e (1—3y )O /g ye ¥ dy
1 ) Lo
e — 1 2 B — -y -y
46_1_1-—|—6 6| —ye 0—|—/Oe dy
1
::4671__1[1—%26_14—66_1—-6—F66_q
B l4e ! -5 N
6.10
6.10(a)

Since the marginal distribution of X is

Zlfﬂ%y

So ,

And, P(X <a)=0,ifa<0,P(X<a)=1

made by [ [J [

P(X < a)=2In2 [ 27"dx = 2In2[2

4(In2)*2 / “Ydy
/ —yandy

—yln2
1
=2n2x2*0<zx<1

ln2

= 4(In2)*2

=6

=2(1-2"%=2-2""9if0<a<1.

Jif 1 < a.

gobooood oo



NTHU MATH 2810, 2024 Solution to Homework 8
6.10(b)

1_
P(X+Y < / / 4(In2)%2~ @) dxdy

= 4(In2)? [/0 27Y /02 27 dxdy]
= am2p [ T2
- 4[712{/% 27Y(1 — 297 2)dy}

= 4In2{ / Yy — / : “2dy}

2—1 2
(2L V2 oo
In2v/2 4
7
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6.13

Let X represent the man’s arrival time and Y represent the woman’s arrival time:
X ~Unif(15,45), Y ~ Unif(0,60)

and X, Y are independent.So, the joint probability density function is:

1 1

o I5<2 <45 0<y<60
30 60 == VY=

fxy (2. y)
We are tasked with finding P(|X — Y| < 5), which can be written as:

P(-5< X —Y <5)

7o

S veyes
40
X-7=5
20
|04

—I—{_- r a
| ]
S |- 45 X
Figure 1: The first to arrive wait no longer than 5 minutes

Thus:
10-30 1

1
PX—Y§5:// dydr = —— = —
( | ) area blue 00 - 30 60-30 6

made by & F 4 RRE¥4E, 2165 BIH
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NTHU MATH 2810, 2024
For the second part, we are interested in find P(X <Y).

Solution to Homework 8

| ™
" Is a5 X
Figure 2: The man arrive first

The result is:

1 15 +45) .30 |
P(X<Y):// dydx:—< +45) 2 — .
area red 60 - 30 60 - 30 2

6.15
(b)
Here,R = {(z,y)] —1 <z <1,—1 <y < 1}. By part (a), we have:

i for (z,y) € R.
fxy(z,y) = !
0, otherwise.

To find the marginal density of X, we integrate out Y:

Fyla) = [y @y dy = [ ldy=1-(1— (1) =1 for —1<z<1
X p—
0, otherwise.

That is, X ~ U(—1,1).

made by & F 4 RRF¥4E, 2145 BIH
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NTHU MATH 2810, 2024 Solution to Homework 8
Similarly, the marginal density of Y is:

[ fxy(@y)de = [ lde =1 (1—(=1)) =1, for —1<y<1

0, otherwise.

fr(y) =

That is, Y ~ U(—1,1).

Thus, the joint density can be written as:

fxy(@,y) = fx(@)- fy(y), for —oo<z<o00, —00<y< o0,

which implies that X and Y are independent.

(c)

The probability that (X,Y") lies in the circle of radius 1 centered at the origin is:
P(X*+Y?*<1).

Since the circle is inscribed within the square R, the circle intersects the square entirely.

The area of the circle is:

2

area of the circle = =7 - 12 = 7.

The area of region R is:
area of R =2-2=4.

Thus, the probability is the ratio of the area of the circle to the area of the square:

f the circle «
P(X24y?2<q) =220 =
(X7 + <1 area of R 4

Alternatively, this can also be verified by integration:

P(X?+Y?<1) = / / fxyxy)dydx
Vi—z?

where

for (z,y) € R,

1
Ifxy(z,y) = !
0, otherwise.

Since fxy(z,y) = 1, for(z,y) € R the integral becomes:

1 1—22

vizet

P(X2+Y2§1):// — dydzx.
1)y 4

made by & T4 BRFAE, &4 35 B3
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For the inner integral:

Vize® 1. . _Vi-a? —x2
Zdyzz[]f A—a? — -2vV1 —«x
—/1—z2

For the outer integral:

1

V1 = 22

P(X*4+Y?<1) :/ Txdx
-1

This represents the area of a quarter-circle, yielding:

P(X*+Y?*<1)=—

Conclusion: The probability that (X,Y") lies within the circle is T, whether calculated

geometrically or by integration.

6.20

(a) The given joint probability density function is:

rxe fe ¥, x>0,y >0,
fxy(z,y) = .
0, otherwise.

To find the marginal density of X, we integrate out Y: for x > 0,

:/ fX,Y(-I,y)dy:/ xe “e Y dy.
0 0

Simplify:

re " foo eVdy=zxe™-1=ze™, x>0,
fx(z) = °

0, otherwise.

To find the marginal density of Y, we integrate out X: for y > 0,

y):/ fX,Y(xuy)dx:/ ze e Ydr.
0 0

made by ¥ T4 FRFAE, &4 35 B3
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NTHU MATH 2810, 2024 Solution to Homework 8
Simplify:

frly) =€ /000 xe “dx.

The integral [~ ze " dz equals 1 (since ze™” is the pdf of Gamma(2,1)), so:

eV, x>0,y>0,
fr(y) = .

0, otherwise.

The product of the marginal densities is:

Fx(@) - fr(y) = (ze=") - (e7¥) = ze~%e Y, for x> 0,y > 0,

0, otherwise.

Since:

fx(x)- fy(y) = fxy(x,y), for —oo <z <o00,—00 <y < 00,

we conclude that X and Y are independent.
(b) The given joint probability density function is:

2, O<zx<y,0<y<l,
fxy(z,y) = ,
0, otherwise.

To find the marginal density of X, we integrate out Y: for 0 < z < 1,

1
fxla) = [ 2dy=201-2)
To find the marginal density of Y, we integrate out X: for 0 < y < 1,
Y
frly) = / 2dx = 2y.
0
On 0 <z < 1,0 <y < 1,the product of the marginal densities is:

Ix(@)- fy(y) =2y-2- (1 —2)=4dy(l —z),

which is not the joint density.
Thus, X and Y are not independent.

made by ¥ T4 BREAE, &4 35 B3
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26

The random variables A,B,C are independent , each being uniformly distributed over (0,1).

(a) Their joint cdf F is :

=a-b-c

=abc , where 0 < a,b,c< 1
(b) The joint pdf of A,B,C is :

fa,B.c(a,b,c) = fa(a) - f(b) - fo(c)

_{ 1 0<ae<1,0<b<1,0<cx1

0 omw.

All of the roots of the equation are real, if and only if
B2—4.A4-C >0+ B>2(AC)?
RABHE LR AETE2(AC)? < 1K » BA GRS HE

{

=% R
ca\ (4 Q= (-L — « BB.:S-_L“ :
e =) oac < | &y & 3
— @ ac <y
o Cwo=lg) & c<k
7 a
| |
r3
1
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P(B* —4AC > 0) = P(B > 2(AC)?)
:// fapc(abc)db-de-da
b>2(ac)2
ol 1,4 1
:/ / / 1db-dc-da+/ / / 1db - dc - da
0 2(ac)2 1 Jo ac)2
//1—2ac%dc da—|—/ /4a1—2ac%

Py,
- ~2abd Ly
/ 32“+112aa

5

% + 6ln2
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TE11l

Let X1, X5, X3, X4, X5 be independent continuous random variables having a common distribution function

F and density function f, and set

IZP(Xl <X2<X3<X4<X5)

(a)(b)

P(X1 < X5 < X3 < X4 < X5)

/ /I1 /:1:2 /13 / f(@1) - f(@2) - fas) - f(za) - f(w5) dos dwy das dxo day

:/ // / Flan) - (@) - flws) - fa) - (1 = Fxa)) des dos dws day

(let ys =1 — F(24) = f(z4) drg = —dyy)

*) 1— F(Ig
/ / / / f(x1) - f(w2) - fx3) - ya dys dws dxy doy
z1

—/ / / f 1?1 . 562 . (.133) . %(1 — F(1‘3)) d.i?g dZEQ d$1
(let y3 =1 — F(z3) = f(x3) dvg = —dys)

1— F(acg)
/ / / flxr) - flze) - *ys dyz dxs dzy
T

/ /Il flx1) - f(z2) ( — F(x2))? dag dxy

/ flan) F(a1))* day
(let y1 =1 = F(a1) = f(21) doy = —dy1)
1
1
= /0 Iy% dyr
= %, which is independent of F
(o3RI © —dy FHVRSRIERA B [}, B S, T st

() X1, X0, X3, Xy, X5 BIRK/NHES (L WX, < Xo < X3 < Xy < X5, X5 < Xy < X3 < Xy <
Xy, ) A = 120f A E SR (disjoint) » TX; < Xo < X3 < Xy < Xs A @HF—F o ML LHE
—TE@HEF T RAX, .., Xsiid > B A PR B AR (symmetric) » X E 2 AT HEF 7 A0 E 4
W2 B A1 0 il

I:P(X1<X2<X3<X4<X5)=é

madeby U OO OO OOOOO OO



NTHU MATH 2810, 2024 Solution to Homework 8

ST4

Because (X4, ..., X;.) ~ multinomial(n, p1, ..., pr), their joint pmf is :

— — — n! ZT1 o
P(Xl =T, ...,Xr - -’L‘r) - 21!"'Ir!p1 t p'lw“7

T1+T2
T PXi+Xo=21 429, Xg =123, , X, =x,) = Z PXi=m,Xo=x14+22—m, X3 =13, , X, =x)
m=0
T1+T2 n
— : m T1+T2—m Ty
= m!(zq +x2—m)!-~-xrlp1 Py Pr

r1+x2

_ n! T3 s (xl +1’2)! m .',C]-‘rf],‘g—’rn
(2 +x2)!~-~xr!p3 Pr mzzo m!(xq —l—xg—m)!pl P

n!

= pFE L pEr(p, 4
(71 +x2)!~-~xr!p3 P (p1+ p2)

r1+T2

S (X + Xe, X5, 0, X)) ~ multinomial (n, pr + pa, P, --Dr)

Similarly, if X7, ..., X, has a multinomial distribution, & FH g 41i% » & IK#H
Aff2MEX > 22 Y, - REHHY,,...,—EHEY, - BABRAHEREEE
Fl|multinomial distribution » #(Y7, ..., Y} also has a multinomial distribution, where Y; =

ro+--+7;
Zi:7'0+“‘+7'j—1+1 Xi
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