NTHU MATH 2810, 2025 Solution to Homework 7
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Problem 5.31

(a) A fire station is to be located along a road of length A, A < oco. If fires occur at points
uniformly chosen on (0, A), where should the station be located so as to minimize the
expected distance from the fire? That is, choose a so as to minimize E[|X — a|], where
X is uniformly distributed over (0, A).

(b) Now suppose that the road is of infinite length—stretching from point 0 outward
to oo. If the distance of a fire from point 0 is exponentially distributed with rate A\, where
should the fire station now be located? That is, we want to minimize E[|X — a|], where

X is exponential with rate .

Solution

(a) When X ~ Uniform(0, A)
We have

4 1
E[|X—a|]:/ |z —al - — dx.
0 A

E[|X—a]]:%[/Oa(a—x)dx—l—/:(:c—a)dx].

Compute each term:

Hence

El|X — af] = i [@® + (A - a)?].

Differentiate with respect to a:

d 1
TE[X —al] = 5 (2a - A),

Set derivative equal to zero:

20 —A=0 = a=

NIFS

jo)
I

| i

(b) When X ~ Exp(})
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The pdf is f(z) = e ™%, > 0. We compute
E[|X —a|l] = A [/ (a—x)e M dx + / (x —a)e™™ dx] :
0 a

Compute [ = ['(a — 2)e " du.

First part:

a a 1 67)\(1
-z 1 _—Azx
d |: 2 i| -
/0' e xTr = )\6 0 h

The second part we use integral by part,u = z, dv = e *da:

—\z _ x —\x 1 —\z
/xe dx——Xe +Fe +C,

¢ 1 o 1—e 14\
/ xef)\xdx — |:_ ;ef)\z + _67)\:1: — € ( + a’) )
0

A2 0 A2

a
[1 = X(l — ef)‘a) —

Compute I, = [~ (z — a)e * dz.

1 —Aa —Aa
[2_<§6)\a_ﬁ€/\a>_a.e :6 .

Combine and multiply by A.

67)\(1

E[IX —al] = ML + ) = A R“ ey
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1 2
E[|X—a|]:a—X+Xe_’\“, a>0.
Differentiate: p
%EHX —al] = e *(\a —1).
Set equal to zero:
1
Aa—1=0 = = —.
a a=
.1
a=—.
A

Note: For (a) and (b), the minimum of E[|X — a|] occurs at the median of X.

Definition of median:

For a continuous random variable:

F(m) =

DN | —

For a discrete random variable, z satisfies

-
<
IN
=
v
N |

Problem 5.34

Jones figures that the total number of thousands of miles that a racing auto can be driven
before it would need to be junked is an exponential random variable with parameter %.

Smith has a used car that he claims has been driven only 10,000 miles.

If Jones purchases the car, what is the probability that she would get at least 20,000
additional miles out of it?

Repeat under the assumption that the lifetime mileage of the car is not exponentially

distributed, but rather is (in thousands of miles) uniformly distributed over (0, 40).

Solution
Let the total lifetime of the car (in thousands of miles) be X.
(a) X ~ Bxp(A = )
We are asked for
P(X > 30| X > 10).
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By the memoryless property of the exponential distribution:
P(X>s+t| X >s)=P(X >t).
Hence

P(X >30| X >10) = P(X > 20) = e M,
——
the probability that a brand-new car will run at least 20,000 miles.

. _ 1 .
Substitute A = %"

P(X >30| X >10) = e~ 0.368.

P(at least 20 thousands of miles more) = e~ ~ 0.368.

(b) X ~ Uniform(0, 40)
Here the lifetime has no memoryless property, so we compute directly:
P(X>30) 40-30 10 1

1
P(X >30| X > 10) = _ — L p(X > 20) = -
(X >80 X>10) = 5570 “20=10 30 37 X >20=3

P(at least 20 thousands of miles more) = = ~ 0.333.

1
3

Theoretical Exercise 5.13

The median of a continuous random variable having distribution function F'is that value

m such that

That is, a random variable is just as likely to be larger than its median as it is to be

smaller.
Find the median of X if X is:

(a) uniformly distributed over (a,b);
(b) normal with parameters p, o?;

(c) exponential with rate \.
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Solution

(a) X ~ Uniform(a,b)

The cdf is
F(I)zi:s, a<x<b.
Set F(m) = i:
m—a 1 N . —a
= — m = Q
b—a 2
a+b
m =
2

(b) X ~ Normal(yu,o?)

For a normal distribution, the pdf f(z) is symmetric about p, i.e.
flu+t) = flp—1).

Therefore, let y =2 — x

pu+t pu—t o]
F(u+t)=/ f(l‘)dfvz—/ f(2u—y)dl’=/tf(u+(u—y))dy

= Oof(u—(u—y»dy:/jf(y)dy:1—F(u—t)

pn—t

Let t =0, then F(p) =1 — F(p) = F(u) = 3.

m = (.

(c) X ~ Exp(})

The cdf is
Flx)=1—¢* >0
Set F(m) = i:
1—6_)"”—l = M= = m—ln—2
2 2 N
In2
m=—.
A

Theoretical Exercise 5.15

If X is an exponential random variable with parameter A, and ¢ > 0, show that c¢X is

exponential with parameter \/c.
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Solution

Let Y = ¢X. We derive the CDF of Y.
Case 1: y < 0. Since X >0 a.s. and ¢ > 0, we have Y = ¢X > 0. Hence

Fy(y) =P(Y <y) =0, y < 0.

For X ~ Exp(\), Fx(z) =1— e for z > 0. Thus
_ Y
Fr(y)=1-exp(-22),  y=0.
c
Conclusion. Combining both cases,

0, y <0,

Fy(y) = A
1- eXp(——y) , ¥y =0,

C

which is exactly the CDF of Exp <A> Hence

Cc

Y =cX ~ Exp<A> .

c

Proof by pdf

Let Y = ¢X, where ¢ > 0.
The pdf of X is
fx(z)=Xe™*, x>0.

We want the pdf of Y. By the transformation method:

1

i =£(2)-] vz

Substitute fx: \
Fely) = 2 ae=200 Z 2=y >
& C
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This is the pdf of an exponential distribution with rate parameter

N=2
"

Y =cX ~ Exp<)\> .

C

Hence

cX is exponential with parameter %

Theoretical Exercise 5.31

Find the probability density function of ¥ = eX when X is normally distributed with
parameters j and o2,
The random variable Y is said to have a lognormal distribution (since logY has a

normal distribution) with parameters p and o

Solution

Let X ~ N(u,0?%) and define Y = e*.
We want to find the pdf of Y.

Step 1. Invert the transformation.

Y =¢¥ <= X=hY, Y > 0.

Step 2. Compute the Jacobian.

Step 3. Apply the change-of-variable formula.

dx

Frl) = fxta) |5

1
:fXOny);a y>0

Step 4. Substitute the normal pdf. For X ~ N(u,c?),

fx(z) =
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Thus,
1 (Iny — N)T

= exp | — , >0

fY(y) \/%O'y p|: 20_2 Yy

1 (Iny - M)Q}

exp|————| , > 0,

fr(y) = YoV 27 p[ 20° ’
0, y <0.

Hence Y is said to follow a lognormal distribution with parameters 1 and o2,
denoted by
Y ~ Lognormal(y, o?).
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