
NTHU MATH 2810, 2024 Solution to Homework 7

Probability_HW07_Solution

Problem 16

(⋆) ∶ 𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡𝑠 𝑜𝑓 𝑎𝑛𝑛𝑢𝑎𝑙 𝑟𝑎𝑖𝑛𝑓𝑎𝑙𝑙 𝑒𝑥𝑐𝑒𝑒𝑑𝑖𝑛𝑔 50 𝑖𝑛𝑐ℎ𝑒𝑠 𝑒𝑎𝑐ℎ 𝑦𝑒𝑎𝑟 𝑎𝑟𝑒 𝑚𝑢𝑡𝑢𝑎𝑙𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡.

𝐿𝑒𝑡 𝑋 𝑏𝑒 𝑡ℎ𝑒 𝑎𝑛𝑛𝑢𝑎𝑙 𝑟𝑎𝑖𝑛𝑓𝑎𝑙𝑙 𝑓𝑜𝑟 𝑎 𝑔𝑖𝑣𝑒𝑛 𝑦𝑒𝑎𝑟. 𝑇 ℎ𝑒𝑛 𝑋 ∼ 𝑁(40, 42).
𝐿𝑒𝑡 𝑝 ≡ 𝑃 𝑟(𝑋 < 50). 𝑇 ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶

𝑝 = 𝑃𝑟(𝑋 − 40
4 < 50 − 40

4 )

= 𝑃𝑟(𝑍 < 2.5) (𝐵𝑦 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑖𝑛𝑔 𝑋, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑍 ≡ 𝑋 − 40
4 ∼ 𝑁(0, 1).)

= Φ(2.5) = 0.9937903

𝐿𝑒𝑡 𝑌 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑦𝑒𝑎𝑟𝑠 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑓𝑟𝑜𝑚 𝑡ℎ𝑖𝑠 𝑦𝑒𝑎𝑟 𝑢𝑛𝑡𝑖𝑙 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑜𝑐𝑐𝑢𝑟𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝑎𝑛𝑛𝑢𝑎𝑙 𝑟𝑎𝑖𝑛𝑓𝑎𝑙𝑙 𝑒𝑥𝑐𝑒𝑒𝑑𝑖𝑛𝑔 50 𝑖𝑛𝑐ℎ𝑒𝑠.
𝑇 ℎ𝑒𝑛, 𝑌 ∼ 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐(1 − 𝑝), 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑖𝑠 ∶

𝑃𝑟(𝑁𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 10 𝑦𝑒𝑎𝑟𝑠 ℎ𝑎𝑠 𝑎 𝑟𝑎𝑖𝑛𝑓𝑎𝑙𝑙 𝑜𝑓 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 50 𝑖𝑛𝑐ℎ𝑒𝑠)
(⋆)= 𝑃 𝑟(𝑌 > 10) =

∞
∑
𝑦=11

𝑝𝑦−1(1 − 𝑝) = 𝑝10 = (0.9937903)
10

pnorm(2.5)

## [1] 0.9937903

Problem 17

𝐿𝑒𝑡 𝑋 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑎𝑙𝑎𝑟𝑖𝑒𝑠. 𝑇 ℎ𝑒𝑛, 𝑋 ∼ 𝑁(𝜇, 𝜎2), 𝑎𝑛𝑑 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶

⎧{
⎨{⎩

0.25 = 𝑃 𝑟(𝑋 < 180, 000) = 𝑃𝑟(𝑋 − 𝜇
𝜎 < 180, 000 − 𝜇

𝜎 ) = Φ(180, 000 − 𝜇
𝜎 ) (⋆)= Φ( − 0.6744898)

0.25 = 𝑃𝑟(𝑋 > 320, 000) = 𝑃𝑟(𝑋 − 𝜇
𝜎 > 320, 000 − 𝜇

𝜎 ) = 1 − Φ(320, 000 − 𝜇
𝜎 ) (⋆)= 1 − Φ(0.6744898)

⟹
⎧{
⎨{⎩

180,000−𝜇
𝜎 = −0.6744898

320,000−𝜇
𝜎 = 0.6744898

⟹𝜇 = 320, 000 + 180, 000
2 = 250, 000

⟹ 180, 000 − 250, 000
𝜎 = −0.6744898 ⟹ 𝜎 = 103782.1

(⋆) ∶ Φ( − 0.6744898) = 1 − Φ(0.6744898) = 0.25
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qnorm(0.25)

## [1] -0.6744898

(a)

𝑃𝑟(𝑋 < 200, 000) = 𝑃𝑟(𝑋 − 𝜇
𝜎 < 200, 000 − 250, 000

103782.1 ) ≈ Φ( − 0.4817786) ≈ 0.3149816

pnorm((200000-250000)/103782.1)

## [1] 0.3149816

(b)

𝑃𝑟(280, 000 < 𝑋 < 320, 000) = 𝑃𝑟(280, 000 − 𝜇
𝜎 < 𝑋 − 𝜇

𝜎 < 320, 000 − 𝜇
𝜎 )

= 𝑃𝑟(280, 000 − 𝜇
𝜎 < 𝑍 < 320, 000 − 𝜇

𝜎 ), 𝑤ℎ𝑒𝑟𝑒 𝑍 ∼ 𝑁(0, 1)

= Φ(320, 000 − 𝜇
𝜎 ) − Φ(280, 000 − 𝜇

𝜎 )
≈ 0.75 − 0.613735
= 0.136265

0.75-pnorm((280000-250000)/103782.1)

## [1] 0.136265

Problem 29

𝐿𝑒𝑡 𝑋 𝑏𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑖𝑚𝑒𝑠 𝑡ℎ𝑒 𝑠𝑡𝑜𝑐𝑘 𝑝𝑟𝑖𝑐𝑒 𝑔𝑜𝑒𝑠 𝑢𝑝 (𝑖.𝑒., 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑢 × 𝑖𝑡𝑠 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑣𝑎𝑙𝑢𝑒)
𝑖𝑛 𝑡ℎ𝑒 𝑛𝑒𝑥𝑡 1000 𝑝𝑒𝑟𝑖𝑜𝑑𝑠.
𝑇 ℎ𝑒𝑛, 𝑋 ∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(1000, 𝑝), 𝑎𝑛𝑑 (1000 − 𝑋) 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑖𝑚𝑒𝑠 𝑡ℎ𝑒 𝑠𝑡𝑜𝑐𝑘 𝑝𝑟𝑖𝑐𝑒 𝑔𝑜𝑒𝑠 𝑑𝑜𝑤𝑛
(𝑖.𝑒., 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑑 𝑡𝑖𝑚𝑒𝑠 𝑖𝑡𝑠 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑣𝑎𝑙𝑢𝑒) 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑒𝑥𝑡 1000 𝑝𝑒𝑟𝑖𝑜𝑑𝑠.
𝑊ℎ𝑒𝑛 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑠𝑡𝑜𝑐𝑘 𝑝𝑟𝑖𝑐𝑒 𝑖𝑠 𝑠, 𝑎𝑓𝑡𝑒𝑟 1000 𝑝𝑒𝑟𝑖𝑜𝑑𝑠, 𝑡ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑠×𝑢𝑋×𝑑1000−𝑋 = 𝑠×𝑑1000×( 𝑢

𝑑 )𝑋.
𝑆𝑜 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑖𝑠 ∶

(𝑢𝑥𝑑1000−𝑥)𝑠 ≥ 1.3𝑠 ⟺ (1.012𝑥×0.991000−𝑥) ≥ 1.3 ⟺ 1000𝑙𝑜𝑔(0.99)+𝑥(𝑙𝑜𝑔(1.012
0.99 )) ≥ 𝑙𝑜𝑔(1.3) ⟺ 𝑥 ≥ 470.

𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑋 ∼ 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(1000, 0.52) 𝑑≈ 𝑁(520, 249.6) 𝑏𝑦 𝑡ℎ𝑒 †𝐷𝑒𝑀𝑜𝑖𝑣𝑟𝑒 − 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑙𝑖𝑚𝑖𝑡 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 (𝑠𝑒𝑒 𝑇 𝐵𝑝.219),

𝑃𝑟(𝑋 ≥ 470) ≈ 𝑃𝑟(𝑋 − 520√
249.6 > 470−0.5 − 520√

249.6 ) ≈ 𝑃𝑟(𝑍 > −3.196459) ≈ 0.9993044

(𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 "𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛" ℎ𝑎𝑠 𝑏𝑒𝑒𝑛 𝑡𝑎𝑘𝑒𝑛! )

†FYI: This result can also be obtained by applying the well-known Central Limit Theorem!

made by 林宸緯，潘翠婷，李京罡 助教
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1-pnorm((470-0.5-520)/sqrt(249.6))

## [1] 0.9993044

Problem 30
𝐿𝑒𝑡 𝑋 = 𝑡ℎ𝑒 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑎𝑛𝑑𝑜𝑚𝑙𝑦 𝑐ℎ𝑜𝑠𝑒𝑛 𝑝𝑜𝑖𝑛𝑡.

𝐿𝑒𝑡 𝑌 = { 0, 𝑖𝑓 𝑡ℎ𝑖𝑠 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑤ℎ𝑖𝑡𝑒 𝑠𝑒𝑐𝑡𝑖𝑜𝑛
1, 𝑖𝑓 𝑡ℎ𝑖𝑠 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑏𝑙𝑎𝑐𝑘 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 , 𝑡ℎ𝑒𝑛 𝑌 ∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝛼) ⟺ 𝑝𝑌 (𝑦) = { 1 − 𝛼, 𝑖𝑓 𝑦 = 0

𝛼, 𝑖𝑓 𝑦 = 1 .

𝑆𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒
⎧{
⎨{⎩

(𝑋 ∣ 𝑌 = 0) ∼ 𝑁(4, 22)
(𝑋 ∣ 𝑌 = 1) ∼ 𝑁(6, 32)

𝑎𝑛𝑑 𝑤𝑒 𝑤𝑎𝑛𝑡 𝑡𝑜 𝑓𝑖𝑛𝑑 𝛼 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑃 𝑟(𝑌 = 0∣𝑋 = 5) = 𝑃𝑟(𝑌 = 1∣𝑋 = 5) = 1
2.

𝑇 ℎ𝑎𝑡 𝑖𝑠, 1
2 = 𝑃𝑟(𝑡ℎ𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑝𝑜𝑖𝑛𝑡 ℎ𝑎𝑣𝑖𝑛𝑔 𝑎 𝑟𝑒𝑎𝑑𝑖𝑛𝑔 𝑜𝑓 5 𝑖𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑏𝑙𝑎𝑐𝑘 𝑠𝑒𝑐𝑡𝑖𝑜𝑛)

= 𝑃𝑟(𝑌 = 1 ∣ 𝑋 = 5)

=
𝑃𝑟(𝑌 = 1, 𝑋 = 5)

𝑃𝑟(𝑋 = 5)

=
𝑃𝑟(𝑌 = 1)𝑃𝑟(𝑋 = 5 ∣ 𝑌 = 1)

𝑃𝑟(𝑌 = 1)𝑃𝑟(𝑋 = 5 ∣ 𝑌 = 1) + 𝑃𝑟(𝑌 = 0)𝑃𝑟(𝑋 = 5 ∣ 𝑌 = 0)

=
𝛼 × 1

2
√

2𝜋 𝑒𝑥𝑝( − (5−4)2

2×4 )

𝛼 × 1
2

√
2𝜋 𝑒𝑥𝑝( − (5−4)2

2×4 ) + (1 − 𝛼) × 1
3

√
2𝜋 𝑒𝑥𝑝( − (5−6)2

2×9 )

⟹ †𝛼 ≈ 0.41677

† ∶ 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑎𝑏𝑜𝑣𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑜𝑛, 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟(𝑌 = 0 ∣ 𝑋 = 5) = 1
2 𝑤𝑜𝑢𝑙𝑑 𝑎𝑙𝑠𝑜 𝑦𝑖𝑒𝑙𝑑 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑟𝑒𝑠𝑢𝑙𝑡.

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)

made by 林宸緯，潘翠婷，李京罡 助教



NTHU MATH 2810, 2024 Solution to Homework 7

Problem 31

(a)

𝐸(∣𝑋 − 𝑎∣) = ∫
𝐴

0
∣𝑥 − 𝑎∣ 1

𝐴𝑑𝑥 = 1
𝐴( ∫

𝑎

0
(𝑎 − 𝑥)𝑑𝑥 + ∫

𝐴

𝑎
(𝑥 − 𝑎)𝑑𝑥)

= 1
𝐴((𝑎𝑥 − 𝑥2

2 )∣
𝑎

0
+ (𝑥2

2 − 𝑎𝑥)∣
𝐴

𝑎
) = 𝐴

2 − 𝑎 + 𝑎2

𝐴

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑎𝑟𝑔𝑚𝑖𝑛
𝑎∈(0,𝐴)

𝐸(∣𝑋 − 𝑎∣), 𝑠𝑒𝑡 ( 𝑑
𝑑𝑎𝐸(∣𝑋 − 𝑎∣))∣

𝑎⋆

= −1 + 2𝑎⋆

𝐴 = 0, 𝑡ℎ𝑒𝑛 𝑎⋆ = 𝐴
2 .

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 ( 𝑑2

𝑑𝑎2 𝐸(∣𝑋 − 𝑎∣))∣
𝑎⋆

= 2
𝐴 > 0, 𝑠𝑜 𝑎 = 𝐴

2 𝑖𝑠 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑟.

(b)

𝐸(∣𝑋 − 𝑎∣) = ∫
∞

0
∣𝑥 − 𝑎∣𝜆𝑒−𝜆𝑥𝑑𝑥 = ( ∫

𝑎

0
(𝑎 − 𝑥)𝜆𝑒−𝜆𝑥𝑑𝑥 + ∫

∞

𝑎
(𝑥 − 𝑎)𝜆𝑒−𝜆𝑥𝑑𝑥)

= ( ∫
𝑎

0
𝑎𝜆𝑒−𝜆𝑥𝑑𝑥)

⏟⏟⏟⏟⏟⏟⏟
(1)

− ( ∫
𝑎

0
𝜆𝑥𝑒−𝜆𝑥𝑑𝑥)

⏟⏟⏟⏟⏟⏟⏟
(2)

+ ( ∫
∞

𝑎
𝜆𝑥𝑒−𝜆𝑥𝑑𝑥)

⏟⏟⏟⏟⏟⏟⏟⏟⏟
(3)

− ( ∫
∞

𝑎
𝑎𝜆𝑒−𝜆𝑥𝑑𝑥)

⏟⏟⏟⏟⏟⏟⏟⏟⏟
(4)

= (( − 𝑎𝑒−𝜆𝑥)∣
𝑎

0
)

⏟⏟⏟⏟⏟⏟⏟
(1)

− ((𝑥𝑒−𝜆𝑥)∣
𝑎

0
+ ∫

𝑎

0
𝑒−𝜆𝑥𝑑𝑥)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(2)

+ (( − 𝑥𝑒−𝜆𝑥)∣
∞

𝑎
+ ∫

∞

𝑎
𝑒−𝜆𝑥𝑑𝑥)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(3)

+ ((𝑎𝑒−𝜆𝑥)∣
∞

𝑎
)

⏟⏟⏟⏟⏟⏟⏟
(4)

= (����−𝑎𝑒−𝜆𝑎 + 𝑎) − (���𝑎𝑒−𝜆𝑎 − 1
𝜆𝑒−𝜆𝑎 + 1

𝜆) + (���𝑎𝑒−𝜆𝑎 + 1
𝜆𝑒−𝜆𝑎) + (���𝑎𝑒−𝜆𝑎)

= 𝑎 + 2
𝜆𝑒−𝜆𝑎 − 1

𝜆

⎧{{{{
⎨{{{{⎩

(1) ∶ 𝐷𝑖𝑟𝑒𝑐𝑡 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛

(2) ∶ 𝐷𝑜 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ ( 𝑢 = 𝑥 𝑑𝑢 = 𝑑𝑥
𝑣 = −𝑒−𝜆𝑥 𝑑𝑣 = 𝜆𝑒−𝜆𝑥𝑑𝑥 ) 𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ 0 < 𝑥 < 𝑎}

(3) ∶ 𝐷𝑜 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 𝑤𝑖𝑡ℎ ( 𝑢 = 𝑥 𝑑𝑢 = 𝑑𝑥
𝑣 = −𝑒−𝜆𝑥 𝑑𝑣 = 𝜆𝑒−𝜆𝑥𝑑𝑥 ) 𝑜𝑣𝑒𝑟 {𝑥 ∈ R ∣ 𝑎 < 𝑥}

(4) ∶ 𝐷𝑖𝑟𝑒𝑐𝑡 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛

𝑇 𝑜 𝑓𝑖𝑛𝑑 𝑎𝑟𝑔𝑚𝑖𝑛
𝑎∈(0,𝐴)

𝐸(∣𝑋 − 𝑎∣), 𝑠𝑒𝑡 ( 𝑑
𝑑𝑎𝐸(∣𝑋 − 𝑎∣))∣

𝑎⋆

= 1 − 2𝑒−𝜆𝑎⋆ = 0, 𝑡ℎ𝑒𝑛 𝑎⋆ = 𝑙𝑜𝑔(2)
𝜆 .

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 ( 𝑑2

𝑑𝑎2 𝐸(∣𝑋 − 𝑎∣))∣
𝑎⋆

= 2𝜆𝑒−𝜆𝑎⋆ > 0, 𝑠𝑜 𝑎 = 𝑙𝑜𝑔(2)
𝜆 𝑖𝑠 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑡ℎ𝑒 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝑟.

made by 林宸緯，潘翠婷，李京罡 助教
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Problem 32

𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑋 ∼ 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(𝜆 = 1
1.5 ), 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝐹𝑋(𝑥) = 1 − 𝑒− 2

3 𝑥 𝑓𝑜𝑟 𝑥 ≥ 0.

(a)

𝑇 ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑖𝑠 𝑃𝑟(𝑋 > 2) = 1 − 𝐹𝑋(2) = 𝑒−4/3.

(b)

𝑇 ℎ𝑒 𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑦 𝑖𝑠 𝑃𝑟(𝑋 > 2 ∣ 𝑋 > 1) =
𝑃𝑟(𝑋 > 2)

𝑃𝑟(𝑋 > 1)
= 𝑒−4/3

𝑒−2/3 = 𝑒−2/3, 𝑤ℎ𝑖𝑐ℎ 𝑒𝑞𝑢𝑎𝑙𝑠 𝑃𝑟(𝑋 > 1).

𝑇 ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑒 𝑚𝑒𝑚𝑜𝑟𝑦𝑙𝑒𝑠𝑠 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑜𝑓 𝑎𝑛 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛.

Theoretical Exercise 13

(a)

𝐿𝑒𝑡 𝑋 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(𝑎, 𝑏), 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝐹𝑋(𝑥) =
⎧{
⎨{⎩

∫
𝑥

𝑎

1
𝑏 − 𝑎𝑑𝑢 , 𝑖𝑓 𝑎 < 𝑥 < 𝑏

0 , 𝑖𝑓 𝑥 ≤ 𝑎
.

𝐿𝑒𝑡 𝑚(𝑎) 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑒𝑑𝑖𝑎𝑛 𝑜𝑓 𝑋, 𝑠𝑜 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶

𝐹𝑋(𝑚(𝑎)) = 1
2 = ∫

𝑚(𝑎)

𝑎

1
𝑏 − 𝑎𝑑𝑢 = 𝑢

𝑏 − 𝑎∣
𝑢=𝑚(𝑎)

𝑢=𝑎
=

𝑚(𝑎) − 𝑎
𝑏 − 𝑎 ⟹ 𝑚(𝑎) = 𝑎 + 𝑏

2

(b)

𝐿𝑒𝑡 𝑚(𝑏) 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑒𝑑𝑖𝑎𝑛 𝑜𝑓 𝑋, 𝑤ℎ𝑒𝑟𝑒 𝑋 ∼ 𝑁(𝜇, 𝜎2).

𝑇 ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑋, 𝑠𝑎𝑦 𝑓𝑋(𝑥) = 1√
2𝜋𝜎2 𝑒𝑥𝑝{ − (𝑥 − 𝜇)2

2𝜎2 }, 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑏𝑜𝑢𝑡 𝜇,

𝑖.𝑒., 𝑓𝑋(𝜇 + 𝛿) = 𝑓𝑋(𝜇 − 𝛿) = 1√
2𝜋𝜎2 𝑒𝑥𝑝{ − 𝛿2

2𝜎2 }, ∀𝛿 ∈ R
(⋆)
⟹ 𝑚(𝑏) = 𝜇

(⋆) ∶ ∫
∞

−∞
𝑓𝑋(𝑥)𝑑𝑥 = ∫

𝜇

−∞
𝑓𝑋(𝑥)𝑑𝑥 + ∫

∞

𝜇
𝑓𝑋(𝑥)𝑑𝑥 = 2 ∫

𝜇

−∞
𝑓𝑋(𝑥)𝑑𝑥 = 1

(c)

𝐿𝑒𝑡 𝑋 ∼ 𝐸𝑥𝑝(𝜆), 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝐹𝑋(𝑥) = { 1 − 𝑒−𝜆𝑥 , 𝑖𝑓 0 < 𝑥
0 , 𝑖𝑓 𝑥 ≤ 0 .

𝐿𝑒𝑡 𝑚(𝑐) 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑒𝑑𝑖𝑎𝑛 𝑜𝑓 𝑋, 𝑡ℎ𝑒𝑛 1
2 = 1 − 𝑒−𝜆𝑚(𝑐) .

⟹ 𝑙𝑜𝑔(1
2) = −𝜆𝑚(𝑐) ⟹ 𝑚(𝑐) = 𝑙𝑜𝑔(2)

𝜆

made by 林宸緯，潘翠婷，李京罡 助教
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Theoretical Exercise 19

𝑇 ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝑓𝑋(𝑥) = 𝜆𝑒−𝜆𝑥, 𝑥 ≥ 0, 𝑠𝑜

𝐸[𝑋𝑘] = ∫
∞

0
𝑥𝑘𝑓𝑋(𝑥)𝑑𝑥 = ∫

∞

0
𝜆𝑥𝑘𝑒−𝜆𝑥𝑑𝑥

= Γ(𝑘 + 1)
𝜆𝑘 ∫

∞

0

𝜆𝑘+1

Γ(𝑘 + 1)𝑥((𝑘+1)−1)𝑒−𝜆𝑥𝑑𝑥
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(⋆)

= Γ(𝑘 + 1)
𝜆𝑘 = 𝑘!

𝜆𝑘

(𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 (⋆) 𝑒𝑞𝑢𝑎𝑙𝑠 1, 𝑠𝑖𝑛𝑐𝑒 𝑖𝑡𝑠 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑛𝑑 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑎 Γ(𝑘 + 1, 𝜆) 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛.)

(𝐼𝑁𝑇 𝐸𝑁𝑇 𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)

made by 林宸緯，潘翠婷，李京罡 助教
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Theoretical Exercise 25

(𝑊𝑒 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑏𝑦 (𝑎) 𝐶𝐷𝐹 𝑚𝑒𝑡ℎ𝑜𝑑 (𝑏) 𝑃𝐷𝐹 𝑚𝑒𝑡ℎ𝑜𝑑.)

𝐹𝑖𝑟𝑠𝑡 𝑛𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 G ∶ {𝑥 ∣ 𝑥 > 𝜈} ⟶ {𝑦 ∣ 𝑦 > 0} 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒,

𝑥 ⟼ 𝑦 = G (𝑥) = (𝑥 − 𝜈
𝛼 )

𝛽

𝑎𝑛𝑑 𝑡ℎ𝑎𝑡 𝑥 = G −1(𝑦) = 𝛼𝑦 1
𝛽 + 𝜈. (⋆)

(a)

𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑋 ∼ 𝑊𝑒𝑖𝑏𝑢𝑙𝑙(𝜈, 𝛼, 𝛽), 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑋 𝑖𝑠 𝐹𝑋(𝑥) =
⎧{
⎨{⎩

0 , 𝑖𝑓 𝑥 ≤ 𝜈

1 − 𝑒𝑥𝑝{ − (𝑥 − 𝜈
𝛼 )

𝛽
} , 𝑖𝑓 𝑥 > 𝜈 . (⋆⋆)

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑌 = G (𝑋) = ( 𝑋−𝜈
𝛼 )

𝛽
, 𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑑𝑒𝑟𝑖𝑣𝑒 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑜𝑓 𝑌 ∶

⎛⎜⎜⎜⎜
⎝

𝐹𝑌 (𝑦) = 𝑃𝑟{𝑌 = G (𝑋) ≤ 𝑦} = 𝑃𝑟{(𝑋 − 𝜈
𝛼 )

𝛽
≤ 𝑦} (⋆)= 𝑃𝑟{𝑋 ≤ 𝛼𝑦 1

𝛽 + 𝜈}
(⋆⋆)= 1 − 𝑒𝑥𝑝{ − (𝛼𝑦 1

𝛽 + 𝜈 − 𝜈
𝛼 )

𝛽
} = 1 − 𝑒−𝑦, 𝑦 > 0

⎞⎟⎟⎟⎟
⎠

⟺ 𝑌 ∼ 𝐸𝑥𝑝(1)†

† ∶ 𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑐𝑑𝑓 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑠 𝑎 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛.

(b)

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑑G −1(𝑦)
𝑑𝑦 = 𝛼

𝛽 𝑦 1
𝛽 −1 , 𝑎𝑛𝑑 𝑡ℎ𝑎𝑡 G −1(𝑦) = 𝛼𝑦 1

𝛽 + 𝜈. (⋆ ⋆ ⋆)

𝑋 ∼ 𝑊𝑒𝑖𝑏𝑢𝑙𝑙(𝜈, 𝛼, 𝛽)

⟺ 𝐹𝑜𝑟 𝑥 ∈ 𝑅𝑋 = {𝑥 ∣ 𝑥 > 𝜈}, 𝑓𝑋(𝑥) = 𝑒𝑥𝑝{ − (𝑥 − 𝜈
𝛼 )

𝛽
}𝛽

𝛼(𝑥 − 𝜈
𝛼 )

𝛽−1

⟺

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝐹𝑜𝑟 𝑦 ∈ 𝑅𝑌 = {𝑦 ∣ 𝑦 > 0}, 𝑓𝑌 (𝑦) (⋆⋆⋆)= 𝑓𝑋(G −1(𝑦)) × ∣𝑑G −1(𝑦)
𝑑𝑦 ∣

(⋆⋆⋆)=
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝑒𝑥𝑝{ − ((𝛼𝑦 1

𝛽 + 𝜈) − 𝜈
𝛼 )

𝛽
}𝛽

𝛼((𝛼𝑦 1
𝛽 + 𝜈) − 𝜈

𝛼 )
𝛽−1

× ⏞⏞⏞⏞⏞(𝛼
𝛽 𝑦 1

𝛽 −1)

(⋆⋆⋆)= 𝑒−𝑦, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1).

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

⟺ 𝑌 ∼ 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1)

made by 林宸緯，潘翠婷，李京罡 助教
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Theoretical Exercise 31

𝑊𝑒 𝑐𝑎𝑛 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑓𝑌 𝑜𝑓 𝑌 𝑏𝑦
(⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑡ℎ𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑖𝑛 𝐿𝑁𝑝.6 − 10 .

𝐿𝑒𝑡 𝑓𝑋(𝑥) 𝑏𝑒 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑋, 𝑤ℎ𝑒𝑟𝑒 𝑋 ∼ 𝑁(𝜇, 𝜎2).

𝐿𝑒𝑡 𝑌 = 𝑔(𝑋) ≡ 𝑒𝑋, 𝑠𝑜 𝑡ℎ𝑒 𝑡ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 𝑌 𝑖𝑠 𝑅𝑌 = {𝑦 ∣ 𝑦 > 0}.

𝑊𝑒 𝑡ℎ𝑒𝑛 ℎ𝑎𝑣𝑒 𝑔−1(𝑌 ) = 𝑙𝑜𝑔(𝑋) 𝑎𝑛𝑑 ∣ 𝑑𝑔−1(𝑦)
𝑑𝑦 ∣ = 1

𝑦 .

(⋆) ∶ (𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑑
𝑑𝑥 𝑔(𝑥) = 𝑒𝑥 > 0 ∀ 𝑥 ∈ 𝑅𝑋 = R, 𝑠𝑜 𝑔 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑎𝑛𝑑 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑒.)

𝑆𝑜 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑦 𝑖𝑠 ∶

𝑓𝑌 (𝑦) =
⎧{
⎨{⎩

𝑓𝑋(𝑔−1(𝑥))∣𝑑𝑔−1(𝑦)
𝑑𝑦 ∣ = 1

𝑦
√

2𝜋𝜎2 𝑒𝑥𝑝{ − (𝑙𝑜𝑔(𝑦) − 𝜇)2

2𝜎2 } , 𝑦 > 0

0 , 𝑦 ≤ 0
.

𝐴𝑛 𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ 𝑖𝑠 𝑡𝑜 𝑓𝑖𝑟𝑠𝑡 𝑑𝑒𝑟𝑖𝑣𝑒 𝑡ℎ𝑒 𝑐𝑑𝑓 𝐹𝑌 𝑜𝑓 𝑌 , 𝑎𝑛𝑑 𝑡ℎ𝑒𝑛 𝑜𝑏𝑡𝑎𝑖𝑛 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑓𝑌 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑑𝑓 𝐹𝑌 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠.

(⋆⋆)

⎧{{{{
⎨{{{{⎩

𝐹𝑌 (𝑦) = 𝑃𝑟{𝑌 ≤ 𝑦} = 𝑃𝑟{𝑒𝑋 ≤ 𝑦}

= { 𝑃𝑟{𝑋 < 𝑙𝑜𝑔(𝑦)} , 𝑖𝑓 𝑦 > 0
0 , 𝑖𝑓 𝑦 ≤ 0

= { ∫𝑙𝑜𝑔(𝑦)
−∞ 𝑓𝑋(𝑥)𝑑𝑥 , 𝑖𝑓 𝑦 > 0

0 , 𝑖𝑓 𝑦 ≤ 0

𝑇 𝑎𝑘𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑛 (⋆⋆) 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑦 𝑜𝑣𝑒𝑟 {𝑦 ∣ 𝑦 > 0}, 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 ∶

𝑓𝑌 (𝑦) = 𝑑
𝑑𝑦 𝐹𝑌 (𝑦) = 1

𝑦 𝑓𝑋(𝑙𝑜𝑔(𝑦)) = 1
𝑦
√

2𝜋𝜎2 𝑒𝑥𝑝{ − (𝑙𝑜𝑔(𝑦) − 𝜇)2

2𝜎2 }, 𝑖𝑓 𝑦 > 0.

(𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑡ℎ𝑒 †𝐿𝑒𝑖𝑏𝑛𝑖𝑧 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑟𝑢𝑙𝑒.)

𝐴𝑙𝑠𝑜, 𝑖𝑡 𝑖𝑠 𝑜𝑏𝑣𝑖𝑜𝑢𝑠 𝑡ℎ𝑎𝑡 𝑓𝑌 (𝑦) = 0, 𝑖𝑓 𝑦 < 0.

𝑇 ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑝𝑑𝑓 𝑜𝑓 𝑌 , 𝑓𝑌 (𝑦), 𝑖𝑠 ∶

𝑓𝑌 (𝑦) =
⎧{
⎨{⎩

1
𝑦

√
2𝜋𝜎2 𝑒𝑥𝑝{ − (𝑙𝑜𝑔(𝑦)−𝜇)2

2𝜎2 } , 𝑖𝑓 𝑦 > 0
0 , 𝑖𝑓 𝑦 ≤ 0

𝑇 ℎ𝑖𝑠 𝑣𝑒𝑟𝑖𝑓𝑖𝑒𝑠 𝑜𝑢𝑟 𝑎𝑛𝑠𝑤𝑒𝑟 𝑎𝑏𝑜𝑣𝑒!

† ∶You may browse this page for details about Leibniz integral rule.
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R

The following is a brief introduction to R language (about pdf, cdf, quantiles, generating
random samples).

Some problems above require finding the quantiles of a normal distribution, but looking them up on tables
is a very outdated practice. Using R is a more efficient method, below are some basic functions of R:
Let 𝑋 ∼ 𝑁(0, 1), which is the same as default.

1. pnorm(3)=𝑃𝑟(𝑋 ≤ 3)=Φ(3), is the cdf.

2. qnorm(0.2)=Φ−1(0.2) = 𝑧0.2.

3. dnorm(0.4)=𝑓𝑋(0.4) is the pdf of X at 0.4.

4. rnorm(5) generates a sample iid from N(0,1) of size “5”.

For example:

• To have a 𝑁(𝜇, 𝜎2) distribution, use norm(𝜇, 𝜎), for example, norm(3,2) is N(3,4).

• To generate a sample iid from N(3,4) of size 100, use rnorm(100,3,2).

• To find 𝑧0.05, use qnorm(0.05).

The above (p,q,d,r) functions can also be used for other distributions, for example:

⎧{{{{{{{{{{{{{{
⎨{{{{{{{{{{{{{{⎩

(𝑊ℎ𝑎𝑡 𝑤𝑒 𝑤𝑎𝑛𝑡) ⟷ (𝐶𝑜𝑑𝑒)
𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 ⟷ 𝑛𝑏𝑖𝑛𝑜𝑚

𝐻𝑦𝑝𝑒𝑟𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 ⟷ ℎ𝑦𝑝𝑒𝑟
𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 ⟷ 𝑒𝑥𝑝

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 ⟷ 𝑔𝑒𝑜𝑚
𝑈𝑛𝑖𝑓𝑜𝑟𝑚 ⟷ 𝑢𝑛𝑖𝑓
𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 ⟷ 𝑏𝑖𝑛𝑜𝑚

𝑁𝑜𝑟𝑚𝑎𝑙 ⟷ 𝑛𝑜𝑟𝑚
𝐺𝑎𝑚𝑚𝑎 ⟷ 𝑔𝑎𝑚𝑚𝑎
𝑃𝑜𝑠𝑖𝑖𝑜𝑛 ⟷ 𝑝𝑜𝑖𝑠
𝑊𝑒𝑖𝑏𝑢𝑙𝑙 ⟷ 𝑤𝑒𝑖𝑏𝑢𝑙𝑙
𝐶𝑎𝑢𝑐ℎ𝑦 ⟷ 𝑐𝑎𝑢𝑐ℎ𝑦

𝐵𝑒𝑡𝑎 ⟷ 𝑏𝑒𝑡𝑎
𝜒2 ⟷ 𝑐ℎ𝑖𝑠𝑞
T ⟷ 𝑡
F ⟷ 𝑓

⎫}}}}}}}}}}}}}}
⎬}}}}}}}}}}}}}}⎭

⟹ †𝑈𝑠𝑒 (𝑝, 𝑞, 𝑟, 𝑑) + 𝑅𝐻𝑆, 𝑙𝑖𝑘𝑒 𝑟𝑡, 𝑞𝑏𝑒𝑡𝑎, 𝑑𝑐ℎ𝑖𝑠𝑞, 𝑜𝑟 𝑝𝑓 …

† ∶ 𝑌 𝑜𝑢 𝑚𝑢𝑠𝑡 𝑒𝑛𝑡𝑒𝑟 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 𝑅 𝑤𝑖𝑙𝑙 𝑢𝑠𝑒 𝑡ℎ𝑒 𝑑𝑒𝑓𝑎𝑢𝑙𝑡 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠.
Resources with hyperlinks:

A resource for those who have not used R, including instructions for downloading R!
An entry-level learning resource!

made by 林宸緯，潘翠婷，李京罡 助教

https://r-lover.com/tutorial/r-basic/install-r-and-rstudio/#%E5%AE%89%E8%A3%9DR%E8%B7%9FRStudio
https://yaojenkuo.gitbooks.io/learn-r-the-easy-way/content/
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