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Problem 5.4

(a):

RIAEE > AR —ETREOFF(RIZEIFH)EX ~ f(2)
L, if z>10
fz) = .
0, if <10
A 3t
P(X>20):/ 1—2019@: {—9}
20 L T
(b):
2 F(z) = P(X <) AMHEYHEXcdf
At

F(z) = P(X <1x)

|t

y= 10
ENE
10 y=10 xr
0,
(c):
RIFAR > HEEFRBEOFTIINEX, Xo, ..., X TR

Assumptions: &M &F&ZH{X, > 15},...,

A7RB6METRAHE T EFETHISDEFGRE > RIF LY

made by & T4, A B3

if >10

Y

if <10

#pdf f(x)

{Xe > 15} B FHH I 5 69 f3%

B7% » B8 Z ~ Bin(6,p) *
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NTHU MATH 2810, 2025 Solution to Homework 6
E¥p=PETEMAEFETEIALANKE) =P(X >15) = [ Bdo = [-|g =2
BT ARAIA Z ~ Bin(6,

>

ho)y
el =)

)
B A8 B AT R A

P(EG@%&%\? [T Y 2154@%) _p(z > 3)

pbinom(2,6,2/3,lower.tail = FALSE)

pbinom(2,6,2/3, lower.ta1l = FALSE)

[1] 0.8998628

Problem 5.7

By question, the pdf of X is given by

fz) =

a+bx®, if 1<2<3
0, otherwise

1. Since f(z) is the pdf of X, we have f_oooo flz)dz =1, i.e,

0 3 bl‘4 3
f(x)dx:/ a+br’ dr = {am—i—T} =2a+20b=1 (el)
—00 1 1
2. By question, we have E(X)=b5.
/ a+ bx®)
ar?
2
242
=4a = b =5 (e2)
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NTHU MATH 2810, 2025 Solution to Homework 6

Hence, (e2) —2x (el) =26 =3 = b= 2 plugin (el) = a=32.

Problem 5.9

The seasonal demand is a continuous random variable X with the pdf f(x).

Let b denote the net profit per unit sold, 1 the net loss per unsold unit, and F the cumulative
distribution function (CDF) of the seasonal demand. Because X > 0, F(z) =0 for z <0 .
Let s(> 0) denote the order quantity, which is regarded as a fixed value.

Then, we have the profit 7(x), which is a function of X and s, being:

bX —(s—X)x1l, if 0<X<s

m(X,s) =
bs | if X >s

And then, we can compute the expected profit over X:

Elr(X,s)] = /OOO (o 8)f(x) do — /0 [bm  (s— 1) x z} f(z) do + /OO bsf(z) do

S
o0

= (b+1) /O v f(z) dz — sl /Osf(x) dz + bs [F(x)]

S

Z - /0 F(z) d:zc] — sl (F(s) - 0) + bs<1 - F(s))

:F(s){s(bJrl)—sl—bs} +bs—(b+l)/OsF(:c) da

= (b+1) [xF(x)

:bs—(b—i—l)/sF(:c) dr = 7, .

To find S* = argmax 74, we compute
S

8;8 —b—(b+1)F(s) £ 0, by the fundamental theorem of calculus.
s

b b
—> Set Spas = F! (_b " l) . if ! exists or otherwise S,q, must satisfy F(Spez) = T

Check the second derivatives

Pr
2 =—0b+1)f(Sma) <0 .
0s® 5s=Smaz
Hence S* satisfying F'(S*) = b%l is the optimal stock level.

made by & T4 F A B3

madeby U U O, 000 OO



NTHU MATH 2810, 2025 Solution to Homework 6
Problem 5.12

WAGEAE » FENRITRAAFBREZM » AFRBREARI00A 2 5 AR LT GRS
O 3 [ B A AR 69 9E A IR € Uniform (0, 100) » £ AR ~ BR ~ AFBJR 09 F B54T A 3% 2 415

b AR AR A EHEAREHDANEL ~500E ~ 5N TR IEEE T TG RIFTEAR K
7

1.415357AA ~B~AB¥P %

6 HEffEh

= N PR RLEGEIER > U= "R RIS IIEAEARGIER > U ~ U(0,100)

;

U, 0< U < 25,

50U, 25<U <50,
U—50, 50<U <75,
100 — U, 75 < U < 100.

Then,

E[X] :/$xfx(x) da
:/025ufu(u) du—i—/2:0 (50—u)fu /E: <u—50>fu )du+/7:00 (100—u>fu(u) du
~ma 5], [ 5L )

i (Since f,(u) =1/100)
=125

2

2
o+ {100u - —}
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NTHU MATH 2810, 2025 Solution to Homework 6
2.4 5 SEAFEABR25 ~ 50 ~ T5A LR

BEHXEKKE A
(25U, 0<U <25,
U—25 25<U <375,
y_ J50-U 315<U <50,
U—50, 50<U <625,
5-U, 625<U <75,
(100 - U, 75 < U < 100.
Similarly,

E[X] - / vfo(2) da

:/025 (25 — u> fu(u) du+ /2:7'5 (u - 25) Ju(u) du + /;Z (50 - u) fu(u) du
+ /5 52'5 (u —~ 50) fulw) du+ /6 : (75 —~ u) fulw) du+ /7 ;00 (100 = u) Ju(u) du

1 W21 w2 37.5 427 1% u? 62.5
:—{ {25u — —} + [— — 25u] + [50u — —] + [— — 504
100 2 1o 2 25 2 |l375 2 50
U2 75 uQ 100
+ [75u - ?] + {IOOu - 3} } (Since f,(u) = 1/100)
62.5 75
=9.375

BB % A Rk N R B M55k 0 TSR A 42 0 B 0.375 0 PP —AE RE g 2 B M5 sk
FIHIEAE12.5/ 0 PTVA S =4 R % B efficient

Problem 5.13

PR E o 5 AT AT 1594 -
(a):

AT Bwaiting time * BT > 0 (T = 05 A A B2 E4F 4 Ebus) » BT < 15 (T = 155 A %
bus E4F & B » & F155 B LT —3Ebus) » &T ~ U(0,15)

P(T > 6 K d b1 d YRl
= t) dt = P L ’ _?
(T>6) /6 f(#) /6 15—0 (15) 6 b5
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NTHU MATH 2810, 2025

(b):

AT, B 1st passenger #9waiting time — 42T, > 8
AT, %2nd passenger #waiting time — BT, = Ty — 8 (B A2A € F 5| Fl — N %)

Solution to Homework 6

R P(Ty > 2|Ty > 8) = P(Ty —8 > 2|Ty >8) = P(T, > 10 | T} > 8)
P(Ty > 10, Ty > 8)
P(T, > 8)

_ P(Ty > 10)
~ P(Ty, > 8)

15 1 1
10Edt_i_5
7

15 q -
fs Tsdt 15 7
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Solution Manual Homework 6
Email: didil0907@gmail.com (ZE&H#E) / hs113024515Qgapp.nthu.edu.tw (HFHE)

NTHU MATH 2810, Probability (Sep ~ Dec 2025) Term: Fall 2025
Instructor: Shao-Wei Cheng Date: November 2, 2025

Problem 5.38.
If X is uniformly distributed on (1,5), find

(a) the probability density function of ¥ = log(X);

b) P{3 <Y <2}

Solution:

X ~U[L,5] > E PDF(#EEERE) &

1 1
=: forl<z<5h
fx(@)=q271 4 T
otherwise

Ocn‘

(a) K Y =log(X) B9 PDF
B K Y B9 CDF(EBEAHERE) © Fy(y) = P(Y <y) = Plog(X) <y) = P(X < ¢e¥)

Hp s Hze[1,5]) &Y = log(X) BHE > y € [log(1),log(5)] = [0,log(5)] » H CDF % :

y e¥ eyl 1 o ey—l
Fy(y)=PX <€)= | fx(z)de= 74z =glely =—;
1 1
FLE > Y By CDF % :
0 for y <0

Fy(y) = <2 for 0 <y < log(5)
for y > log(b)

1
¥ CDF Fy(y) 175 > 8 Y B PDF fy(y) :
d

) = 3 Fr (y)zg‘;(e:l) :%

FRIA > Y BY PDF %% :
{ef for 0 <y <log(5)

0 otherwise

59 BEARHE CDF #Et8 » A Y = log(x) £ X € [1,5] BI&RIH% one-to-one, differentiable, strictly
increasing KL > INAIEIZERA fv(v) = fx(e¥) ’Cff; ‘ , 0<y<log(5) BEMERINZE -

(b) SH P {5 <Y <3}

2/3
P<1<Y<2): 1 fr(y)dy

— i [e¥ ]fjg ( 2/3 _ 1/3>

HEEL A L1396 ~ 0,138 o IWERIRAIER Y B CDF, A Fy(2) — Fy(3) KRG °
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Problem 5.39.
If Y is uniformly distributed over (0,5), what is the probability that the roots of the equation 4z% +
4zY +Y + 2 = 0 are both real?

Solution:
Y ~U0,5] » B PDF(EEZEERE) A .

H;=3 for0<y<5

5 —
0 otherwise

fr(y) = {

BEATZRARER 422 + 42y +Y +2=0° Z_RAERRXNERES !
a=4, b=4Y, c¢c=Y +2
ATHEZXAFEANBRAES > HAFIR A B ERKRHERT Bl A=0>-4ac>0°
FHUE > ARHEBXAFIBITA -
A= (4Y)? —4(4)(Y +2)
= 16Y2 - 16(Y +2)
=16Y? — 16Y — 32
TR v AEEE -

16Y2 —16Y —32>0
Y2-Y -2>0 (BEERERRU 16)
(Y =2)(Y +1)>0
EEAERANEAY < -1 Y >2°
BEFRMAE Y WA SsEEHER [0,5] o Bt » HMBEREHEMEREN v HNEE -
.Y<-1Z{Y >2
2.0<Y <5

HEEEMERMG > HfIRE Y WERA 2<Y <5-°
&% > K EEEELENIEE

1

5 5
P(2§Y<5)=/2 fy(y)dy=/2 %dy=3[y}3

I

[
—~~
ot

|
[\
~

I

[

Fit > FEXRHEHAREZ 2o
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Problem 5.43.

Find the distribution of R = Asinf, where A is a fixed constant and € is uniformly distributed on
(—m/2,7/2). Such a random variable R arises in the theory of ballistics. If a projectile is fired from the
origin at an angle a from the earth with a speed v, then the point R at which it returns to the earth
can be expressed as R = (v2/g) sin 2a, where g is the gravitational constant, equal to 980 centimeters

per second squared.

Solution:

1. 0 ~U[-7/2,7/2] » H PDF % :

3

1 T
fo(0) = for 5 < 0 < 5

2. R= Asing BUEEA A, A) o 8K r € [-A, A] » FFI5tE CDF Fg(r) :

Fr(r)=P(R<r)
= P(Asinf <)

=P ((9 < arcsin <%>>
3. #A 0 B PDF TS !

arcsin(r/A)
/ ~ap
_1
™
_1!
s

arcsin(r/A
[9]_ﬂ/2(/ )

(arcsm (%) + g) = % —+ %arcsin (%)

4. ¥ CDF Fg(r) E1TMDLUFE] PDF fr(r) :

™

fr(r) = diF (r)= d%’ <; + 1 arcsin (;))
1

&t > R By PDF 2 :

0 otherwise

fR(T):{ﬂ'\/ﬁ fOr—ASTSA

590 BARF CDF MstE » A& R = Asind £ 0 € [—7n/2,7/2] N&EA % one-to-one, differentiable,
strictly increasing R TRRIEIRER fr(r) = fo (arcsin (§)) | L aresin (§)], —-A<r<A 1%§U$Eﬂ

E’J = 7|=
Note that :
d ) 1
— arcsine =
dz V1= 22
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Theoretical 5.2.
Show that

ElY] = /OOO P{Y > y}dy — /OOO P{Y < —y}dy
Hint: Show that
0 0
/ P{Y < —y}dy = —/ z fy (z)dz
0 —00
/ P{Y > y}dy :/ z fy (z)dx
0 0

Solution:

Bk REF—ERDE

/OOO P{Y > y}dy = /OOO (/yoo fy(w)dw> dy
_ / ~ / e @)dyde  (RBTEDIER » BABEB0 < y < 1)
/ fy(z
/0 zfy (z)dz

BE > EES_EENIEAE:

[ <—nay= [T ([ siwar)ay
/ / T (@)dyde (CHRERSIER  BABEA < —y < 0)
/ f(@)lplg7de
-/ ey
_ _/_(; o fy (2)dx

HRE(E Y] — / Y o fy (2)de o BT EIR DA -

E[Y]:/Oooxfy(:c)d:p—i—/o o fy (2)dz

—00

BRIEHEENERAALT -
o) 0 00 o)
ElY] = </0 P{Yy > y}dy) - (—/ xfy(:r)dx> = /0 P{Y > y}dy —/0 P{Y < —y}dy

—0o0
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Theoretical 5.5.
Use the result that for a nonnegative random variable Y,

E[Y] = / PLY > t)dt
0
to show that for a nonnegative random variable X,
o0
E[X"] :/ nz" ' P{X > z}dx
0
Hint: Start with
E[X"] = / P{X" > t}dt
0

and make the change of variables t = z".

Solution:

L t=2a"> Bl dt = na"lde > BUILEMRARBL P -
E[X"] = / b P{X™ > t}dt = / h P{X™ > z"}(nz" 'dx)
0 0

M X RAFEBEEREHBRDERE « > 0> FFX X" > 2" FEIN X > 2 o EHb > HFATLGRER
B1E#

E[X"] = /OOO P{X > x}(nz" 'dr) = /000 nz" ' P{X > x}dx
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