NTHU MATH 2810, 2024

4.1

PR HW4

IRIBEH, A 4+5+8+3=20 MBEN, “I7iksk (%), & S m:

4.14

Outcome X P(X=x)
4
_ 4x3 _ 3
(2’2) 4 (%O)) - 20§19 95
4 5
(23 1)7 (132) 3 (1<)2(()>1) = 2%%({)9 - %
2
4 8
205,052 | 25 | G — 48 — 40
2 2
4 3
(2,02),(02,2) | 2.2 (()> - A=
(B 2 | g -k
5 8
(1,0.5),(0.5,1) | 1.50 % - B =4
(1,0.2),(0.2,1) |1.20 (E)E)J TR
2 2
(0.5,0.5) | (@ _ e
? 2208 X 5
8 3
(0.5,0.2), (0.2,0.5) | 0.70 <E)>) - kh -8
3
(02702> 0.40 (22())) = 20219 = &
2
&, ifa=
2, ifz=3
B ifz=25
&, ifz=22
1 .
19> ifx =
P{X=z}=4+5, ifz=15
2, ifz=12
2 ifz=1
2 ifr =107
%, ifr =04
0, otherwise

2 = {all permutations}, # = 5!
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FE QR e 8 X=0 K1 $1F Player 1 #a%a Player 2:

5
x84

e S HET-FEREHE 2 E% 7, /N4 Player]l K44 Player2, % T =fli{i permutation
7 Q, #JE X=1 [JF 1 :Player 1 f Player 2, SR #44 Player3:
G2 1
X = 1 = =
p( )= =6
PE S HEUTREREHE 3 6, BoR. OR. SR/NECT S R4S Player3. Playerl. Player2, I 2 filfi permutation
A Q, F 8 X=2 (31} Player] jf Player2 i4 Player3, SR1%#fi44 Playerd:

px=2=02_ 1

75 RBCFEEE 4 18, B RRIOK BT 4 Bl 4 Playerd R Playerl, FAth i i #5= RIMT & 44 Player2 LA &
Player3, % T 144 Player5, Player2 [FE5¥ A GELL Player3 Kk

7E Q #, F 8 X=3 [ F{}:Player] H#a%s Player5

3! 1
p(X—3)—g—%

Player5 1 Playerl 543 BIBUE e KA E /NI EEEL, Playerd, Player3, Player2 B /NG A K12 F 5 permutation.
fEQHML, %8 X=4 (151 Player] 4

41
X = 4 = — = —
»( ) BT E

Player] ZeliE i RIEEEL )T 4 {E{H permutation

ifx =20
ifr=1
ifex =2
ifr =3
ifr=4

otherwise

= N[

P{X =z} =

7 o‘»—ts‘r—t

O Uil

4.17

CDF:

=

ife <0
ifo<xr<l1
ifl<x<3
ife >3

!
=
—

8
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I
8 nol8
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[
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par(las=1)
# B3 CDF R
F_x <- function(x) {
ifelse(x < 0, O,
ifelse(x >= 0 & x < 1, x / 2,
ifelse(x >=1 & x < 3, (x+ 1) / 4, 1)))
}

# N = (EEE
x_values <- seq(-1, 4, by = 0.01)

# GTEHIEN Fz) B

F_values <- sapply(x_values, F_x)

# 4% CDF pREE

plot(x_values, F_values, type = "1", col = "blue", lwd = 2,
xlab = "x", ylab = "", main = "CDF Function",
ylim = c(0, 1))

mtext ("F(x)",side=2,1ine=2.5)

grid()

CDF Function

1.0 —

0.6
F(x)
0.4
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(a)
i/} CDF:
P(X <1)=F(1) :%
(b)
i} CDF:
P(X>2)=1-P(X<2)=1-F@)=1- =1

(©
e CDE: 1 5 5 o5 1 211

P(§<X<g)—P(X<§)—P(Xg§):F(g )*F(§)2§*EZ§
4.20

WA TE—J0, HEBALEORR oA AR, A REEIAGZALE, RIS IE W iR,
X = SRREANE, W= BR46, L= RAEIAE, HhiFE:

case TR BEx

W 1 = =15
{L,{W,}W} —14+14+1=1 %x%x%gz%
{LW,L} [-1+1—-1=—-1] 23 x 2 x 23 = 20
{L,LLW} [-1-1+1=—-1] 23 x 23 x 13 = 20
{L,L.L} |-1-1-1=-3]| ¥ x D x =10

(@

P(X>0):%+%:41079539
(b)

PX>0)= 410;39 = ;lg% > 0.5

FREEHER AN 0.5, RMMABKIIBEE I, (SRR RAGREEA], BT EITHEE.

(©)

4059 900 + 900 1000 —741
E(X)=1x Tz + (D) x =+ (=3) X 757 = 2
AR AR E, THIREEFR <0, 18- K AR —IChIHEREEIR >0.5, (HimE$aa e gimsl 3 o, EfEIKEAN

L.

madeby U OO OO OOOOO OO



NTHU MATH 2810, 2024 Solution to Homework 4

4.22

WE AT EE2E, RESSHR i A LR, & A LR A p, B BELEMHEEE 1-p,
EFN = LLBRGGE, W =AW, L=BW

(@)

i=2, N HAREME R N=2 5 N=3 Wff,
58 N=2:(1)A S5, B %W (2)B i, A 25

P(N=2)=PWW)+ P(LL)=p*+ (1—p)?
HFEN=3: (1) =3 AW, TS AMRB & 32 #EN) 2) =3B B, HiMZ ARB %15
(3L 2 FEU)
P(N=3)=1-P(N=2)=1~(p>+(1—p)?) =2p(1 —p)
E(N)=2xP(N=2)+3xP(N=3)=2x(p>?+(1—p)?)+3x2p(1—p)=—2p>+2p+2

HEWN) B E:
OE(N)

dp

1

92E(N)

g = 4<0

FTLLE p = 3 B, E(N) A K{H.
E(N) b5 5[] 7%
f_p <= function(x) {

-2 ¥ X2 + 2 *x x + 2

}

# LR p (HEIRE
p_values <- seq(0, 1, by = 0.01)

# FHECHER fp) A

f_values <- f_p(p_values)

par(las=1)
# 45 pR
plot(p_values, f_values, type = "1", col = "blue", lwd = 2,

xlab = "p", ylab = "", main = expression(E[p] (N)==-2%p~2+2%p+2))
mtext ("E(N)",side=2,1line=2)
grid()
5
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Ep(N) =-2p°+2p+2

2.5

2.3
E(N)
2.2

2.1

0.0 0.2 0.4 0.6 0.8 1.0

HH [ T2 A A HE A RS &

(b)
i=3, N nlgetk A N=3,4,5 =7,

N=3
(DA Fi=15, B @ (2B =1, A &H

P(N =3)=PWWW)+ P(LLL) =p* + (1 —p)3

N=4
() AT335H AR 245, Bl %4KAHR

R 7% B i‘
4]

1‘%15‘:(?) xp3(1—p)
Q)35 BH 2%, ARG 1Y, 4K B

=
]
]
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N=5

(D) HrPY%+, A BB %25, ®iE—% AR

kit (3) < (p2(1-p)?xp)

() VY% T, A BB %2 Y%, &% % B

&=
o
el
—~
N
N
X
—
3
[
e~
|
=
M
X
o~
|
=
SN—

E(N)=3xP(N=3)+4x P(N=4)+5x P(N =5)
=3p° +3(1—p)* +43p*(1—p) +3p(1 —p)*) +5 <6p2(1 —p)2>
=3x (2p*—4p> +p*+p+1)
#H E(N) e KAE:

SE(N)

o =24p3 —36p2 +6p+3=0=8p3 —12p> +2p+1=0

1 1442

:>(2p—1)(4p2—4p—1):O:>p:§,o7“ 5

122 RAE 0 F 1 2 I

82E(N)

e 7202 — T2p + 6

RANp =1,
0’E(N
8(2 ):72p2—72p—|—6:18—36+6:_12<0
P

p =3, EN) HRAM.
EB(N) B 8 E
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NTHU MATH 2810, 2024 Solution to Homework 4

# ERRI f(p)
f_p <- function(p) {

3% (2*p4-4*xp3+p2+p+1)
}

# /LR p (AT
p_values <- seq(0, 1, by = 0.01)

# GTEHIER f) |

f_values <- f_p(p_values)

par(las=1)
# e T pg ]
plot(p_values, f_values, type = "1", col = "blue", lwd = 2,

xlab = "p", ylab = "", main = expression(E[p] (N)==3 * (2 * p™4 - 4 * p"3 + p™2 + p + 1)))
mtext ("E(N)",side=2,1ine=2.5)
grid()

Ep(N) =3(2p* -4p°+p°+p+1)

4.0

E(N) 3.6

3.4
3.2

3.0

0.0 0.2 0.4 0.6 0.8 1.0

R R AR, BRAEIAERAT
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4.39
(@
B(X?) =Var(X)+ (E(X))?=1+9=10
E((4X —1)?) = B(16X2) — E(8X) +1 =10 x 16 —8 x 3+ 1 = 137
(b)
Var(5 —2X) = 4Var(X) = 4
TE2
Let W = X, then
Fy(w) = Pr(W <w) = Pr(e* <w) = Pr(X <In(w)) = Fx(In(w))
TE4
(@
Presumem—z+nil+ni2, then
axm+1)(n+2)+bx (n)(n+2)+ex(n)(n+1)=4
a=2
=>(a+b+c)n2—|—(3a+2b+c)n+2a=4:>{ Ci2—4
gn(n—i-li(n—l—ﬁ_g{(;_nil n—1|—2)}
§2{<i_ni1>_ n—10—1_n—1|—2>}m_n+12{;(i_n—li-1>_§2<rt_m:-1>}_l
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NTHU MATH 2810, 2024 Solution to Homework 4

(b)

(c)

oo
1
(Since / —dzx diverges we can apply the integral test for convergence.)
A

If you don’t know this test, you may browse this page!

TES

@

Z ((a1 ++a;)Pr(N = j))

i1
=a;Pr(N=1)+(a; +ay)Pr(N=2)+ -+ (a; + - +a,)Pr(N =n) + ...

o0 o0 o0
=a, ;‘ Pr(N = i) +a, z; Pr(N = j) 4ay ;)PT(N -
1= ]: —

Pr(N>1) Pr(N>2) Pr(Nz3)

o0
Z r(N > 1)

10
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(i)
Z] x Pr(N =Pr(N=1)+2Pr(N =2) + ...
—1xPr(N=1)+(1+1)Pr(N=2)+(1+1+1)Pr(N = ;i r(N > 1)

oo
(%) : (Set a, =1, Vk € 7, and substitute a;, = 1 into this identity : Z (ay + - +a;)Pr(N = j) = Z a; Pr(N > z))
=1 =1

II*

E[N(N+1)]:ij(j+1)Pr(N:j)=2ij(]21)P 2§:1+2+ -+ §)Pr(N = )

i=1 Jj=1

(or) A =144 qj
(xx %) : Set ay, = k, Vk € ZT, and substitute a;, = k into : Z (ay 4+ +a;)Pr(N =j5) =" a;Pr(N > 1)

TE7

B[(X —p)’] = E[(X® = 3X°u+ 3Xp? — 1i°)] = B[X®] =3 (4 + 02) pu + 3p° — p* = E[X?] = 30°p — pi°
B(X?)

(We used the fact that E(X?) = Var(X) + (E(X))2 =0’ + /ﬂ.)

11
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