NTHU MATH 2810, 2025

Solution Manual Homework 3
Email: didil0907@gmail.com (ZE&H#E) / hs113024515Qgapp.nthu.edu.tw (HFHE)

NTHU MATH 2810, Probability (Sep ~ Dec 2025) Term: Fall 2025
Instructor: Shao-Wei Cheng Date: October 2, 2025

Problem 3.14.

Suppose that an ordinary deck of 52 cards (which contains 4 aces) is randomly divided into 4 hands
of 13 cards each. We are interested in determining p, the probability that each hand has an ace. Let
E; be the event that the ith hand has exactly one ace. Determine p = P(FEFE;FE3E,) by using the
multiplication rule.

Solution:

1. 518 P(Ey)
ERE—FH (135R) FREFE—K A BIEE - @HE (37) BAAIUK 52 SRIEHEEL 13 5RAE
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2. 58 P(E»|Ey)
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p — (0

3. 51 ® P(E3|E1 N EQ)

EEREAMFEREE—FR A NEET » F=FF (1358 HETFE—R A BB o L > [Ed
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P(Eg‘El N EQ) =

4. 518 P(E4’E1 NE;N Eg)
BEREN=FHEEE R A BEET » BEEFE (13 5R) HIEFE—R A BIHER o LR > f@tEr
BET26-13=13RE - HF >AB2-1=15R>IFABE 24— 12=12 ik - FOFENAZ
HERI TR 13 SRR > FIAEHEES 158 A #1 12 5RIE A f& o

1\ (12
P(E4|Ex1 N EyN E3) = () (12) =1

&1& > BHFERA)(FIZNEDR) -
p= P(El NEyNEgN E4) = P(El) . P(E2|E1) . P(E3|E1 N Eg) . P(E4‘E1 N FEsN Eg)
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Problem 3.27.

The following method was proposed to estimate the number of people over the age of 50 who reside
in a town of known population 100,000: “As you walk along the streets, keep a running count of
the percentage of people you encounter who are over 50. Do this for a few days; then multiply the
percentage you obtain by 100,000 to obtain the estimate.” Comment on this method.

Hint: Let p denote the proportion of people in the town who are over 50. Furthermore, let «; denote
the proportion of time that a person under the age of 50 spends in the streets, and let ay be the
corresponding value for those over 50. What quantity does the method suggested estimate? When is
the estimate approximately equal to p?

Solution:

BENAEAEFE—ERE > BB RRET BRI AN MHEREEREN A O2MERIER o
« 5% N =100,000 Z#EAO °

o 5% p AWEER 50 U EAOMEELG > B 1 — p AEEEF 50 BUT AOMEELLH)

o SEAR 50 FRIAERIAZA Np o

o WEE 50 BRATHIAEA N(1—p) o

o B a1 %50 U TAFIGEEE LARFRIEEE) o

o B ay A 50 U LM ATFSEEE _ERRERIEEH o

TEIEfIAAE RIBRSREIRS > 1k 150 BRIAT ) BT ABAIIURAE N(1 - p)og BYIELE o B > 1 E
50 A L) BITHI@ABPIIAR AL Npao BUIELE o
It > R EBEIBAF > 50 BRUEBAFMGAILES] (pe) BRLER :

. ik 50 U ERAZL Npa _ pa
Pest = Tl PN N —p)as+ Npag (1 —p)ag + paz

L ET A IFE AT RERILLG p o MRS pes » BEBURI a1 M oy » BIFEFHEEEE L

TEERYRF RS EL ) o
TR pest SREBLEH p o BERMBUATEY :
p= yyuey;
(1—p)ai +pay

BR:& p £ 0 > RIS MIZREIFREL p:
s
(1 —p)oq + paz

(1 —p)ag + pag = o
(1 —=p)ar = az — paz
(1 =p)aa = az(1 —p)
& p £ 1 HFITUEWERFFU (1 - p):
ap =

FHILE » ZfhE AERBTE 50 BT 50 B LA F97E7EHE LR EEBIAER (B o) = o) B
AREER o B a1 > as = pest < p = BEPHAFEEBRZEM (under-estimate) ; H a1 < ag = Pest >
p= BEPNHEEEEZ =S (over-estimate) ©
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Problem 3.31.

Twenty persons are attending a meeting in a hall, 8 of whom left the hall and have returned at least
once so far. Four persons have just left and are coming back. This coincides with the selection
of a subcommittee of 4 persons who will be chosen by everyone. What is the probability that all
subcommittee members will have never left the hall?

Solution:

Bri- 8 i TEHBEFAE) 8 12 I TRERE -

BT BEEED 4 ABER > BEE TREERE) AR ARBIEERIN 20 AFEEEZET -
ZRrA THIBERAE) rRFES (U888 » AREFRRE TBRRAE AR -

o« ¥ E,r=0,1,2,34> AN 4 Ath TBEERE) WABS x WEH > Bl By, By, By, B3, Eq 2
B—1E sample space BY partition > #HIRIE law of total probability :

4
P(FFERBEMAMREAR) = S PRKELE E,)P(E,)
=0
5 <(”‘€f"’>) 0 <;z>>

=\ @) ()

a0

900900
(4845)2
900900

T 23474025

B L ZEAUEBEER—E urn problem (3EKRERE) » [RAHE 20 FEEIK, SXREUHAIEK » HK(E1EHE »

B EENATEk c —FA%G > eER S FE > BBl o 15 > BIN4 B> B0l RE > Bl 4 B s1EHEA
KA o

~ 0.0384
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Problem 3.46.

Three prisoners are informed by their jailer that one of them has been chosen at random to be executed
and the other two are to be freed. Prisoner A asks the jailer to tell him privately which of his fellow
prisoners will be set free, claiming that there would be no harm in divulging this information because
he already knows that at least one of the two will go free. The jailer refuses to answer the question,
pointing out that if A knew which of his fellow prisoners were to be set free, then his own probability
of being executed would rise from % to % because he would then be one of two prisoners. What do you
think of the jailer’s reasoning?

Solution:
« R A B,CDHIMLKREIE A~ B~ C BHWERANEHSH » HAb
1
P(A)=P(B)=P(C) = 3

. R Jp AHERR KIE B BEEBY WEH -
RE&AIE A HEHE » THERSRE B BHER 2% tMBECHERIOEERESZ D - IR »
BT BT P(A /) -
P(Jg|A) - P(A)
P(JB)
o P(A) B A BRI B0 Lo

« P(Jp|A) B MNR A FKER > HIRRER B SRR BIEE o g1R A EHKERR » A8 B # C #
IARFEIN o B RASES I A thBECSHIIER » FRlXfthas Bt B A1 C REEREZE— NS - Fit
1

P(Jpl4) = 5

P(AlJB) =

. P(Jp) BIEEER B SRR MOl :
P(Jp) = P(J5|A)P(A) + P(J5|B)P(B) + P(J5|C)P(C)
~ B A BER E ) > SBEE—OMER B RIEK o 8 P(J5|A)P(A) = L x
MR B WAR (M 1) > BURERAR B RIEH > EIL P(J5|B) =0

— MR CWERR (=R 1) > BE A M B BIRER - A% A BNZME TR BERFRER
A WRER > FRIAMAZEER B &R » BE P(Jp|C) =18 P(Jp|C)P(C) =1x + =1%o

o

o=

Wl

A IS LENNFESK -
1 1 1 2 3 1
_P = — _ = — _ = - = —
(JB)=5+0+3=56 6632
8% KARR
P(JplA)-P(A) 3-35 § 1
B = b ) LTI

ELE > BMEFR IR RER (B RER 218 > A WERMEENAR 1 RKRANHIER R o FIE
FHRRNOZER B RRRER 8 TC RRRBR > TFaIRGHERNER -
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Problem 3.48.

In any given year, a male automobile policyholder will make a claim with probability p,, and a female
policyholder will make a claim with probability p;, where py # p,,. The fraction of the policyholders
that are male is a;,0 < @ < 1. A policyholder is randomly chosen. If A; denotes the event that this
policyholder will make a claim in year i, show that

P(Az|A1) > P(A1)

Give an intuitive explanation of why the preceding inequality is true.

Solution:

FEEA—FF > BHEAEREFAANRBRBIKES p, 0 KEFREFBEARERBIKES py o
HA pr # p o BHEREFBEARLLLHRD o EEF' 0<a<1-BEREE—MREFAA  -WR A TTx
REFEAES | FIRHTINEL > 0

P(A3]A1) > P(A)
Bt RFIERAEMSB MR
o M: FREREFAAREMNEMSH - P(M)=a-°
F: FREREFAARKMENEF o P(F) =1—a-
A REFBAATES « FIRORBEHFEHS -
HAIEAMRFHER

P(A|M) =

P(A1|F) =Dy

ﬁ%’%’% 1: E+% P(Al)

P(A1) = P(A|M)P(M) + P(A|F)P(F) = app + (1 — a)py
FHEIRAIS P(A2) = apy + (1 — a)py = P(4)

SPER 2: SHE P(Ay]A))

POAsA — PEALNAS)  P(A1N Al M)P(M) + P(A1 N Ao| F)P(F) _ apr, + (1 — a)p}
(Al =5y = P(4;) ~ apm + A —a)ps

R EERE %E? ERIEILRY > IRBMEREL conditionally independent » HI¥0 © P(A; N Ag| M) =
P(A1|M)P(A3|M) = p;

FEE 3: BUEE P(A2|A1) > P(Ar) (BE P(As]Ar) > P(Ag))

2 2
>apm + (11—«
Ozpm—i-(l—Oé f pm ( )pf

"D EREGE

ap?, + (1 — a)p} > (apm + (1 — a)py)®
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REGENTHE !

apy, + (1 — a)p7 > a’pp, + 2a(1 — a)pmpy + (1 — a)’p}

RFTAEB LS -
(= a®)pp, + (1 — ) = (1 — a)*)p} — 2a(1 — @)pmpy >0
REHAR :
a(l - a)ps, + a(l — a)p; — 2a(1 — @)pmpy > 0
ARIRHARS o(1—a)
a(l = a)(ph, — 2pmps +p}) >0
RAESRANIERAT2FAR
a(l = a)(ppm —pr)? >0
Hfr0<a<1lBp,#pse
WLOG » f&5& P, > Pr(BMREHERRZME) > Bl P(A2]41) > P(A) > BEIRE » SESAMANE

CEAEE—FRETEE () BEEEE BEARBNNAEE LAY o DA (F
pm > py HETHEAR P(M|A)) = m > o= P(M) ) MEMHRER ML (P, > Py) »

BMEE —FERREIIHER P(4|A) EERIFAEREEMERFHE—EBEHN AR RTER
P(Ay) o BHARL pr < py ERELUBVERES > TFEHERGER ©

S—EEBEENT ('R pn > py):
1 BREE N A HPBEME Na A ZHE N1 -a) Ao
2. FHAE—FRBEEEEM NaP, A ZME N1 — )Py N> #BH N x P(41) Ae
3. £i& NP(A;) A& >

o SiEEEH ( ) = LEFrE N ARRSBMELES o BS (- Py > Py) ©

o LR ( P(A)) = LEFRE N AFRBILEEER] 1 — o B -
1
4. RABUREBNAIEERZMES (P, > Py) > ME—FRER NP(A) BARNSELLGIX SRR
B N BEARHNBELLE]  MEFE—FREN NP(A) BAR » EZFEGRENLEF P(A4), B
BIRTEFRE N AR » FFERIBHYLLS) P(Ay) ©
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NTHU MATH 2810, 2025 Solution to Homework 3

3.60

PR > £RMERT > AUAR—F 4 BR—%E 6MA=F A Sl FRALER
REARE I — {5 $ A 0F - MF| Ao R4 R 6 o

Ay B YRR =04 A o

SFRSEER—GEM - ELP(F) = 1

ABEBARBEGFE o

SBCEEARKAGFMS o

A AR A4 0 569 » Rb&RIMA

P(F|B) = P(F|BY) = P(F)
4 6 10
10 6+y 16+y

3012

9
2

Ans 1y =

3.63

B — AN 0 B (sE A E R EBp £ 1) KMAZAMATORF X EE
— A IE 8 45 R (AL R RE @A R @R A F) 0 e T AT T

Step 1: #— R # ¥
Step 2: A-Hp— kAL #
Step 3: R AT @& R & W R E@RK @ > A= 2| Step 1
Step 4: ERBE —RIE B R B AR RABRG LR
S HAT 2 5| RAFL A E @ e R @ 69 F 4 o
A HpFeTp5 53 B % KA B © 1% E @ Fo R @ 89 F 4 o
(a):

4 E; B (Step 147Step 2)F i — 1R » £ FiR EHAFIF L (LRLTHEI(H, T)R(T, H)) 9 F
Hoi=1,2,3,..°
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%15 (Step 1#2Step 2) % A TR —R((H, H)&(T,T)) ¥ F4E > Blr = p> + (1 —p)? >
ml—r=2p(1—p)RlARLERGEFM - BIP(E) =1 (1—7r)2i=1,2,3,...°

P(Hp N E;
Pwaﬂhviﬁ%yl
P(A7i — 1RAR A& H3(HH) R (T,T) » iR B3 (T, H))

P(E;)
rip(l—p) _ 1

Tl 2

R & E,, E,, .. 7% i —Epartition * #&

P(Hg) = iP(HR NE;) = iP(HﬂEi)P(Ei)

=1 =1
001 1
= i —
PDETARCENS
=1
_11—7°_
21 —1r 2

Bl b o PTVARATA
P(Tg) =1~ P(Hy) = ;

Bt o ZA A AR E QY RBREERGEF > HRNER T LEDS
Rt AT — L

(b):

% A RM AR B BRI G % B B k& R R BB Rl foutcomeB¥ » RAT—ARBLR K —
REVEARRAR Boutcome » &L, B 5 j R EIFIF TOFH > =23, ... °

R & F,, Fs, .. 7% s —{Bpartition » #

P(Hg) = ZP HrNFy) =

=2

(ATj — LRAR A BAT » H R HIH)

8HM8

. 1—
(1-pytp=—7

=2

XxXp=1-p

.

Bl X, » PTVARAA
P(Tr) =1— P(Hg) =p

wET e R RARFE S REEAGRBEARABREROGERDAANTE » FTAT RS

made by & T4 3 A4k Bh3L

madebyDDD,DDD 00



NTHU MATH 2810, 2025 Solution to Homework 3
A (b) 8 £ F £ AR KRR o

3.68

BAALR » BAEAFBHEN LR T A 2 B ARBRIESE - 2 MEALT » ik
B EAT & » BERALI G T 47 SR T —F e P -
Lpatepp A B B AE FBABEFAMGKE o

(a):

SAFrACH R B HBduellF L AT H AT T R G A F O FH o SBRBOY H B FE
B duclf® L B BG4 F Ao R G5 69 F4F -

AM = AN BFMy = A° N BC R B ¥ BdueliF L iE M F e g P iR Z A LG PHF
o

A B Bt st B R AR AR dueldF L9 FH 0 i = 1,2, ... 0 BIE,, B, .. % i—1Bpartition °
Dqa=1-pa,qp=1-pp > BloagpA—BE &P RAHLe T agHF - B

P(E;) = (qaq)" (1 — qagg) °

BT VA

P(A° N E)

M8

P(A%) =

1

<.
Il

P(ATi — LRA A Z G T » FiR BBAT T AZARAF)

NE

1

<.
Il

= f:(QAQB)i_lpAqB __pags__ pa(l —ps)
= 1=qaqs pa+ps—Dpaps
(b):

P(ATi — LR AARET T > FiR A E WA F)

10

1

(2

PAPB _ PADPB
1 —qaqp pa+pB—DpaPB

(qaqB)"'papp =

IF

=1

(c):
Notice:

For (c),(d),(e) dual ends after the nth round# A& A 3% :
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1. £ Fndh# R

Solution to Homework 3

2. £ FndhE A & Rie n+1ln+2,... th& R

P(Fn®&B&R) = P(E,) = (qag8)" ' (1 — qaqn)

PEFnEEZHEAER) =P(| ] E)= > P(E)

i=n+1 i=n+1
00

= > (4498) (1 — qaqn)

i=n-+1
_ (QAQB) X(
1 —qagB

1 —qaqn) = <(1 —pa)(1— p3)>n
(d):

P(E, N A%)
P(AC)
(qaqs)" 'pa(l — pp)

pa(l-ppB)
1—-(1—pa)(1—pB)

P(FnE& & R|AY) =

n—1
— {(1 —pa)(l — pB)} (pa +pB — PaAPB)
ERAFNEDSZ KT ER S RMA

P(UZ, 11 (BN A9))
P(A%)
> i1(aaqs) 'pa(l — pp)
P(AC)

(A=pa)(1—pp))"
%@x(l —DB)

PEFnEEZE A 8 R|AY) =

pa(l-pB)
1-(1-pa)(1—pB)

0 -p-pm)|
| |
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(e):
5 P(ANBNE,)
P BAFER|IANB) = -
(#n F4 R|ANB) PAND)
_ (qaqB)" 'paps
pPAPB

1—(1-pa)(1-pB)

_ [(1 —pa)(1— pB)] n_l(pA + DB — pADB)

HRANDEIBAER  ZMA

P(UZ (ANBNE,))

1=n+1

P(ANB)
_ ZinH(QAQB)FlpAPB

- PADB
1—(1-pa)(1—ppB)
(1—pa)A—pp)"
1—(1—pa)(1-pp) PAPB
PAPB
1-(1—pa)(1—pB)

~ [a=pot-pm]

P(#n® &2 B ERIANB) =

3.89
(a):

AN(B)AEEBEDMYGLERKE -

P(ACB):iP(ACB, N(B) = k)

k=0
B i (HXBN(B) =k EEB > A TROHE) x (AAnBEAF PBAKMEYTiREE)
- 2n x 2n

k=0

B Z”: 2 x Cp
- 922n
k=0

= (142 = ()

(b):

P(AB = @) = P(AC B) = P(AC B) = (Z)"

(B AARBYAEEEL » HieBHRABCLE R &Y L LR
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3.94
(a):

AEBBALEEAMARGES i =1,2,3°

ASCE—BABETAROFH > BIGCAE—BABLT ARG EH » BIP(G) = 0.7, P(G°) =
03: MR > Co—BABELTARRAR) - FEMAOF RTEH L » g
#& conditionally independent * 3t & FH A & EG(RGO)E > B, Ey, BEyA&mutually indepen-
dent.

P(El NEyN E3)
P(E, N Ey)
P(EyNE;NEs | G)P(G)+ P(E, N EyN Es | G)P(G°)
P(E1NEy | G)P(G)+ P(E1 N Ey | G°)P(G*)

0.7 0.7+ (0.2)%-0.3 02425 97
_(0.7) +(0.2) _ _ T 0683

ANS = P(E; | By N BEy) =

(0.7)2-0.7+(0.2)2-0.3 0355 142

(b):

Notice: ES N B4 EC N By X M Zmutually exclusive » 35 & 09 # 241574 % 8 89
WAEEA e o B E E,y, By mutually independent, given G or G¢ & HRFES & E) R EC&E,

independent, given G or G¢ °

made by & T4 F A 813X
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P(EsN [(E$N Ey) U (B N ES)])
P((E$N Ey) U (E;NEY))
P(EsN [(E{NE) U (BN ES)] | G) P(G)+ P(EsN [(EfN E») U (B NES)] | G°) P(G°)
P((ESNEy)U(E1NES) | G)P(G)+ P((E{N Ey) U(EyNES) | Ge) P(G€)
ma P(Es | G) P((EfN Ey) U (BN ES) | G) P(G) + P(E3 | G°) P((ETN Ey) U (B N EG) | G°) P(G)
- P((EfN E2) U (Ey N ES) | G) P(G) + P((Ef N Ep) U (BN ES) | G°) P(G°)
]

P(Es | (E{NEy) U (E4NES) =

C0.7x[03%x0.74+0.7x0.3] x0.7 0.2 x [0.8x0.2+0.2x0.8] x0.3
a [03%0.7+0.7%0.3] x0.7 + [0.8%x0.2+0.2x 0.8] x 0.3

0.375 15
(c):

Aa(a)—# » & HE|, By, E5 mutually independent, given G or G¢& ®R#&E,, ES, E 7F
A~mutually independent, given G or G¢ » H 3t
[(0.3)2](0.7) x (0.7) + [(0.8)%](0.2) x (0.3) 11

P(Es| E1O Ey) = [(0.3)2] x (0.7) + [(08)] x (0.3) 34"

Additional problem

Q: Are Ey, E», E5 independent?
A: No. If the events were independent, the probabilities in parts (a) and (c) would be equal.
However, parts (a) and (c) show that whether E; and FE, occur changes the conditional

probability of event Fs5 : therefore E;, F» and E3 are not independent.

Q: Are they conditionally independent?

A: Yes. According to the problem statement, conditional on whether the defendant is guilty
(G) or not (G°), each judge votes guilty (or not) independently. Thus Ey, Fs, E5 are mutually
independent given G (or given G°).
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