
NTHU MATH 2810, 2024 Solution to Homework 2

Probability_HW02_Solution

Throughout this solution we use some notations for convenience:

(i)

𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎𝑛 𝑒𝑣𝑒𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 𝑤𝑒 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔.
𝑊𝑒 𝑢𝑠𝑒 #(𝐴) 𝑡𝑜 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐴.
𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒, 𝑖𝑓 𝐴 = {2, 3, 4}, 𝑡ℎ𝑒𝑛 #(𝐴) = 3.

(ii)

We use ANS to denote the answer.

3

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑠𝑐𝑜𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝐻𝑂𝑀𝐸 𝑡𝑒𝑎𝑚, 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑠𝑐𝑜𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝐴𝑊𝐴𝑌 𝑡𝑒𝑎𝑚, 𝑡ℎ𝑒𝑛 ∶
𝑇ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 ≡ Ω = {(𝑥, 𝑦) ∶ 𝑥, 𝑦 ∈ {0, 1, ..., 6}, 𝑥 + 𝑦 ≤ 6}

= {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6),
(1, 0), (1, 1), (1, 2), (1, 3), (1, 4), (1, 5),

(2, 0), (2, 1), (2, 2), (2, 3), (2, 4),
(3, 0), (3, 1), (3, 2), (3, 3),

(4, 0), (4, 1), (4, 2),
(5, 0), (5, 1),

(6, 0)}

• 𝐴 = {(0, 0), (1, 1), (2, 2), (3, 3)}
• 𝐵 = {(1, 0), (2, 0), (3, 0), (4, 0), (5, 0), (6, 0), (2, 1), (3, 1), (4, 1), (5, 1), (3, 2), (4, 2)}
• 𝐴 ∩ 𝐵 = ∅, 𝑡ℎ𝑒 𝑒𝑚𝑝𝑡𝑦 𝑠𝑒𝑡.
• 𝐴∪𝐵 = {(0, 0), (1, 1), (2, 2), (3, 3), (1, 0), (2, 0), (3, 0), (4, 0), (5, 0), (6, 0), (2, 1), (3, 1), (4, 1), (5, 1), (3, 2), (4, 2)}
• 𝐶 = {(0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (1, 1), (1, 2), (1, 3), (1, 4), (1, 5),

(2, 1), (2, 2), (2, 3), (2, 4), (3, 1), (3, 2), (3, 3), (4, 1), (4, 2), (5, 1)}
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• 𝐴 ∪ 𝐶𝐶 = {(0, 0), (1, 1), (2, 2), (3, 3), (1, 0), (2, 0), (3, 0), (4, 0), (5, 0), (6, 0)}

• 𝐴𝐶∩𝐵∩𝐶
𝐷𝑒 𝑀𝑜𝑟𝑔𝑎𝑛′𝑠

𝑙𝑎𝑤= 𝐵∩(𝐴∪𝐶𝐶)𝐶 = 𝐵∩ ({(0, 0), (1, 1), (2, 2), (3, 3), (1, 0), (2, 0), (3, 0), (4, 0), (5, 0), (6, 0)})𝐶

= {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (5, 1)}

• 𝐵𝐶 ∪ 𝐶 = {(0, 0), (0, 1), (1, 1), (2, 1), (3, 1), (4, 1), (5, 1), (0, 2), (1, 2), (2, 2), (3, 2), (4, 2),
(0, 3), (1, 3), (2, 3), (3, 3), (0, 4), (1, 4), (2, 4), (0, 5), (1, 5), (0, 6)}

⟹ 𝐴∩ (𝐵𝐶 ∪ 𝐶) = {(0, 0), (1, 1), (2, 2), (3, 3)} = 𝐴

12

List all the possible conditions below:

Meals (M) Sightseeing (S) Theatre (T) Percentage (%)
v 31

v 18
v 7

v v 11
v v 8

v v 7
v v v 9

9 (by subtracting)

Then we can use this table to draw a Venn diagram (its unit is %):

library("VennDiagram")

## Loading required package: grid

## Loading required package: futile.logger

venn.plot <- draw.triple.venn(58, 46, 31,
20, 17, 16, 9, c("M", "S", "T"),col=c(2,3,4),fill=c(2,3,4))

grid.draw(venn.plot)
grid.text("9", x = 0.9, y = 0.15, gp = gpar(fontsize = 10, col = "black"))
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(a)

𝐴𝑁𝑆 = 𝑃𝑟(𝑀 ∩ 𝑆 ∩ 𝑇𝐶) + 𝑃𝑟(𝑀𝐶 ∩ 𝑆 ∩ 𝑇) + 𝑃𝑟(𝑀 ∩ 𝑆𝐶 ∩ 𝑇) = 11 + 8 + 7 = 26(%)

(b)

𝐴𝑁𝑆 = 𝑃𝑟((𝑀 ∪ 𝑆) ∩ 𝑇𝐶) = 31 + 11 + 18 = 60(%)

(c)

𝐴𝑁𝑆 = 𝑃𝑟((𝑀 ∪ 𝑆 ∪ 𝑇)
𝐶
) = 100 − 31 − 18 − 7 − 11 − 8 − 7 − 9 = 9(%)

(𝐼𝑁𝑇𝐸𝑁𝑇𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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16

(𝑇ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑎𝑐𝑡𝑠 𝑎𝑟𝑒 𝑢𝑠𝑒𝑑 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑜𝑢𝑡 (𝑎) ∼ (𝑔).)

#(𝐴𝑙𝑙 𝑡ℎ𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 𝑜𝑓 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙𝑦 𝑟𝑜𝑙𝑙𝑖𝑛𝑔 5 𝑑𝑖𝑐𝑒) = 65,
𝑠𝑖𝑛𝑐𝑒 𝑒𝑎𝑐ℎ 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑐𝑎𝑛 ℎ𝑎𝑣𝑒 6 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙𝑙𝑦 𝑙𝑖𝑘𝑒𝑙𝑦 𝑡𝑜 𝑜𝑐𝑐𝑢𝑟

⟹ Ω, 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 ℎ𝑎𝑠 𝑡ℎ𝑒 "𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠" 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦.

⟹ 𝐹𝑜𝑟 𝑎𝑛 𝑒𝑣𝑒𝑛𝑡 𝑖𝑛 𝑜𝑢𝑟 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒, 𝑠𝑎𝑦 𝐴, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑃𝑟(𝐴) = #(𝐴)
#(Ω) .

(a)

𝑃𝑟{𝑛𝑜 𝑡𝑤𝑜 𝑎𝑙𝑖𝑘𝑒} = 𝑃𝑟{𝑎𝑙𝑙 𝑡ℎ𝑒 𝑑𝑖𝑐𝑒 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑝𝑜𝑖𝑛𝑡𝑠}

𝑆𝐼𝑀𝑃𝐿𝐸 𝐼𝐷𝐸𝐴 ∶
𝑇ℎ𝑒 1𝑠𝑡 𝑑𝑖𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑐ℎ𝑜𝑜𝑠𝑒 𝑓𝑟𝑜𝑚 {1, ..., 6}, 𝑖.𝑒., 6 𝑜𝑝𝑡𝑖𝑜𝑛𝑠, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 2𝑛𝑑 𝑑𝑖𝑒 ℎ𝑎𝑠 5 𝑜𝑝𝑡𝑖𝑜𝑛𝑠,

𝑡ℎ𝑒 3𝑟𝑑 𝑑𝑖𝑒 ℎ𝑎𝑠 4 𝑜𝑝𝑡𝑖𝑜𝑛𝑠, 𝑡ℎ𝑒 4𝑡ℎ 𝑑𝑖𝑒 ℎ𝑎𝑠 3 𝑜𝑝𝑡𝑖𝑜𝑛𝑠, 𝑡ℎ𝑒 5𝑡ℎ 𝑑𝑖𝑒 ℎ𝑎𝑠 2 𝑜𝑝𝑡𝑖𝑜𝑛𝑠.
⟹ #(𝑎𝑙𝑙 𝑡ℎ𝑒 𝑑𝑖𝑐𝑒 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑝𝑜𝑖𝑛𝑡𝑠) = 6 × 5 × 4 × 3 × 2 = 720

𝑆𝑜, 𝐴𝑁𝑆 = 𝑃𝑟{𝑎𝑙𝑙 𝑡ℎ𝑒 𝑑𝑖𝑐𝑒 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑝𝑜𝑖𝑛𝑡𝑠} = 720
65 ≈ 0.0926.

𝑀𝑂𝑅𝐸 𝑅𝐼𝐺𝑂𝑅𝑂𝑈𝑆 ∶
𝑁𝑢𝑚𝑏𝑒𝑟 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑓𝑟𝑜𝑚 1 𝑡𝑜 5 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑡ℎ𝑒𝑖𝑟 𝑣𝑎𝑙𝑢𝑒𝑠 𝑏𝑒 𝑁1,… , 𝑁5.

𝐿𝑒𝑡 Ω1 = {1,… , 6}, Ω𝑖 = Ω𝑖−1\𝑁𝑖−1, 𝑓𝑜𝑟 𝑖 = 2,… , 5.
𝑇ℎ𝑒𝑛, 𝑁𝑖 ∈ Ω𝑖, ∀ 𝑖 ∈ {1,… , 5}.

𝑊𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑒 𝑡ℎ𝑎𝑡 #(Ω𝑖) = (7 − 𝑖), ∀𝑖 ∈ {1, 2, 3, 4, 5}.
𝑆𝑜, #(𝑐ℎ𝑜𝑜𝑠𝑖𝑛𝑔 5 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡ℎ𝑒 𝑑𝑖𝑐𝑒) = 6 × 5 × 4 × 3 × 2 = 720.

#(𝐴𝑙𝑙 𝑡ℎ𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 𝑜𝑓 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙𝑦 𝑟𝑜𝑙𝑙𝑖𝑛𝑔 5 𝑑𝑖𝑐𝑒) = 65,
𝑠𝑖𝑛𝑐𝑒 𝑒𝑎𝑐ℎ 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑐𝑎𝑛 ℎ𝑎𝑣𝑒 6 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠.

𝑆𝑜, 𝐴𝑁𝑆 = 𝑃𝑟{𝑎𝑙𝑙 𝑡ℎ𝑒 𝑑𝑖𝑐𝑒 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑝𝑜𝑖𝑛𝑡𝑠} = 720
65 ≈ 0.0926.
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(b)

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑜𝑛𝑒 𝑝𝑎𝑖𝑟, 𝑎𝑙𝑙 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑎𝑟𝑒 𝑜𝑓 4 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠.

⎧{
⎨{⎩

#(𝐶ℎ𝑜𝑜𝑠𝑒 4 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑟𝑜𝑚 {1, ..., 6}) = (64)
#(𝐶ℎ𝑜𝑜𝑠𝑒 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 4 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟) = (41)
#(𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 𝑡ℎ𝑒𝑠𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑡ℎ𝑒 5 𝑑𝑖𝑐𝑒) = 5!

2!1!1!1!

⟹ 𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑢𝑙𝑒, #(𝑜𝑛𝑒 𝑝𝑎𝑖𝑟) = (64) × (41) × 5!
2!1!1!1! = 3600.

𝑆𝑜, 𝐴𝑁𝑆 = ((64) × (41) × 5!
2!1!1!1!)/65 ≈ 0.463.

(c)

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑡𝑤𝑜 𝑝𝑎𝑖𝑟, 𝑎𝑙𝑙 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑎𝑟𝑒 𝑜𝑓 3 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠.

⎧{
⎨{⎩

#(𝐶ℎ𝑜𝑜𝑠𝑒 3 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑟𝑜𝑚 {1, ..., 6}) = (63)
#(𝐶ℎ𝑜𝑜𝑠𝑒 2 𝑜𝑓 𝑡ℎ𝑒 3 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 2 𝑝𝑎𝑖𝑟𝑠) = (32)
#(𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 𝑡ℎ𝑒𝑠𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑡ℎ𝑒 5 𝑑𝑖𝑐𝑒) = 5!

2!2!1!

⟹ 𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑢𝑙𝑒, #(𝑡𝑤𝑜 𝑝𝑎𝑖𝑟) = (63) × (32) × 5!
2!2!1! = 1800.

𝑆𝑜, 𝐴𝑁𝑆 = ((63) × (32) × 5!
2!2!1!)/65 ≈ 0.2315.

(d)

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 3 𝑎𝑙𝑖𝑘𝑒, 𝑎𝑙𝑙 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑎𝑟𝑒 𝑜𝑓 3 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠.

⎧{
⎨{⎩

#(𝐶ℎ𝑜𝑜𝑠𝑒 3 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑟𝑜𝑚 {1, ..., 6}) = (63)
#(𝐶ℎ𝑜𝑜𝑠𝑒 1 𝑜𝑓 𝑡ℎ𝑒 3 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑓𝑜𝑟 𝑡ℎ𝑒𝑠𝑒 "𝑡ℎ𝑟𝑒𝑒 𝑎𝑙𝑖𝑘𝑒") = (31)
#(𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 𝑡ℎ𝑒𝑠𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑡ℎ𝑒 5 𝑑𝑖𝑐𝑒) = 5!

3!1!1!

⟹ 𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑢𝑙𝑒, #(𝑡ℎ𝑟𝑒𝑒 𝑎𝑙𝑖𝑘𝑒) = (63) × (31) × 5!
3!1!1 = 1200.

𝑆𝑜, 𝐴𝑁𝑆 = ((63) × (31) × 5!
3!1!)/65 ≈ 0.1543.

made by 林宸緯，潘翠婷 助教
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(e)

“full house” means 2 of the 5 dice are of a same value, while other 3 dice are all of another different value.

𝐵𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑣𝑒, 𝑎𝑙𝑙 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑎𝑟𝑒 𝑜𝑓 2 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠.

⎧{
⎨{⎩

#(𝐶ℎ𝑜𝑜𝑠𝑒 2 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑟𝑜𝑚 {1, ..., 6}) = (62)
#(𝐶ℎ𝑜𝑜𝑠𝑒 1 𝑜𝑓 𝑡ℎ𝑒 2 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑓𝑜𝑟 𝑡ℎ𝑜𝑠𝑒 "𝑡ℎ𝑟𝑒𝑒 𝑎𝑙𝑖𝑘𝑒") = (21)
#(𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 𝑡ℎ𝑒𝑠𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑡ℎ𝑒 5 𝑑𝑖𝑐𝑒) = 5!

3!2!

⟹ 𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑢𝑙𝑒, #(𝑓𝑢𝑙𝑙 ℎ𝑜𝑢𝑠𝑒) = (62) × (21) × 5!
3!2! = 300.

𝑆𝑜, 𝐴𝑁𝑆 = ((62) × (21) × 5!
3!2!)/65 ≈ 0.0386.

(f)

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛, 𝑎𝑙𝑙 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑎𝑟𝑒 𝑜𝑓 2 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠.

⎧{
⎨{⎩

#(𝐶ℎ𝑜𝑜𝑠𝑒 2 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒𝑠 𝑓𝑟𝑜𝑚 {1, ..., 6}) = (62)
#(𝐶ℎ𝑜𝑜𝑠𝑒 1 𝑜𝑓 𝑡ℎ𝑒 2 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑓𝑜𝑟 𝑡ℎ𝑜𝑠𝑒 "𝑓𝑜𝑢𝑟 𝑎𝑙𝑖𝑘𝑒") = (21)
#(𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 𝑡ℎ𝑒𝑠𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑡ℎ𝑒 5 𝑑𝑖𝑐𝑒) = 5!

4!1!

⟹ 𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑢𝑙𝑒, #(𝑓𝑜𝑢𝑟 𝑎𝑙𝑖𝑘𝑒) = (62) × (21) × 5!
4!1! = 150.

𝑆𝑜, 𝐴𝑁𝑆 = ((62) × (21) × 5!
4!1!)/65 ≈ 0.0193.

(g)

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛, 𝑎𝑙𝑙 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑎𝑟𝑒 𝑜𝑓 1 𝑣𝑎𝑙𝑢𝑒.

#(𝐶ℎ𝑜𝑜𝑠𝑒 1 𝑣𝑎𝑙𝑢𝑒 𝑓𝑟𝑜𝑚 {1, ..., 6}) = (61)

#(𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 𝑡ℎ𝑒𝑠𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑡𝑜 𝑡ℎ𝑒 5 𝑑𝑖𝑐𝑒) = 1

𝐵𝑦 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑟𝑢𝑙𝑒, #(𝑓𝑖𝑣𝑒 𝑎𝑙𝑖𝑘𝑒) = (61) × 1 = 6

#(𝐴𝑙𝑙 𝑡ℎ𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 𝑜𝑓 𝑠𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠𝑙𝑦 𝑟𝑜𝑙𝑙𝑖𝑛𝑔 5 𝑑𝑖𝑐𝑒) = 65,
𝑠𝑖𝑛𝑐𝑒 𝑒𝑎𝑐ℎ 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 5 𝑑𝑖𝑐𝑒 𝑐𝑎𝑛 ℎ𝑎𝑣𝑒 6 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠.

𝑆𝑜, 𝐴𝑁𝑆 = (61)/65 ≈ 0.0008.
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Blackjack means “Get an ace + one of {T,J,O,K}”, and note there are 16 “T,J,Q,K” in total (each 4
colours).
Denote blackjack by BJ for convenience.
Let A be the event that “you got a BJ”.
Let B be the event that “dealer got a BJ”.

𝑃𝑟(𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑦𝑜𝑢 𝑛𝑜𝑟 𝑡ℎ𝑒 𝑑𝑒𝑎𝑙𝑒𝑟 𝑖𝑠 𝑑𝑒𝑎𝑙𝑡 𝑎 𝐵𝐽) = 1 − 𝑃𝑟(𝐴 ∪ 𝐵)
= 1 − 𝑃𝑟(𝐴) − 𝑃𝑟(𝐵) + 𝑃𝑟(𝐴 ∩ 𝐵)

= 1 −
(41)(161 ) 2!

1!1!
52 × 51 −

(41)(161 ) 2!
1!1!

52 × 51 +
(41)(161 ) 2!

1!1!(31)(151 ) 2!
1!1!

52 × 51 × 50 × 49 ≈ 0.9052 = 𝐴𝑁𝑆

25

(a)

𝑃𝑟{𝑠𝑡𝑜𝑝 𝑠ℎ𝑜𝑜𝑡𝑖𝑛𝑔 𝑎𝑡 𝑎 𝑟𝑜𝑢𝑛𝑑}
= 𝑃𝑟{𝑏𝑢𝑙𝑙𝑠𝑒𝑦𝑒 𝑡𝑤𝑖𝑐𝑒} + 𝑃𝑟{𝑖𝑛𝑛𝑒𝑟 𝑟𝑖𝑛𝑔 𝑡𝑤𝑖𝑐𝑒} + 𝑃𝑟{𝑛𝑢𝑙𝑙𝑠𝑒𝑦𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑖𝑛𝑛𝑒𝑟 𝑟𝑖𝑛𝑔 𝑒𝑎𝑐ℎ 𝑜𝑛𝑐𝑒}

= (0.1)2 + (0.5)2 + 2 × (0.1) × (0.5) = 0.36

𝐿𝑒𝑡 𝐴𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑡ℎ𝑎𝑡 𝑠ℎ𝑒 ℎ𝑎𝑣𝑒 𝑛𝑜𝑡 𝑠𝑡𝑜𝑝 𝑠ℎ𝑜𝑜𝑡𝑖𝑛𝑔 𝑎𝑡 𝑡ℎ𝑒 𝑛𝑡ℎ 𝑟𝑜𝑢𝑛𝑑.
𝑆𝑖𝑛𝑐𝑒 𝑒𝑎𝑐ℎ 𝑟𝑜𝑢𝑛𝑑 𝑖𝑠 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡, 𝑃𝑟(𝐴𝑛) = (1 − 0.36)𝑛, 𝑛 ≥ 1.

𝐴𝑁𝑆 = 𝑃𝑟{𝑛𝑒𝑣𝑒𝑟 𝑠𝑡𝑜𝑝 𝑠ℎ𝑜𝑜𝑡𝑖𝑛𝑔} = lim
𝑛→∞

𝑃𝑟(𝐴𝑛) = lim
𝑛→∞

(1 − 0.36)𝑛 = 0.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑖𝑓 𝑥 ∈ [0, 1], 𝑡ℎ𝑒𝑛 lim
𝑛→∞

𝑥𝑛 = { 1, 𝑖𝑓 𝑥 = 1.
0, 𝑖𝑓 0 ≤ 𝑥 < 1.

(b)

𝐿𝑒𝑡 𝐵𝑛 𝑏𝑒 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑡ℎ𝑎𝑡 𝑠ℎ𝑒 𝑠𝑡𝑜𝑝𝑠 𝑎𝑡 𝑡ℎ𝑒 𝑛𝑡ℎ 𝑟𝑜𝑢𝑛𝑑 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑏𝑢𝑙𝑙𝑠𝑒𝑦𝑒 𝑎𝑟𝑒 ℎ𝑖𝑡 𝑡𝑤𝑖𝑐𝑒.

𝑇ℎ𝑒𝑛, 𝑃𝑟(𝐵𝑛) = (1 − 0.36)𝑛−1⏟⏟⏟⏟⏟
𝑑𝑖𝑑𝑛′𝑡 𝑠𝑡𝑜𝑝 𝑢𝑛𝑡𝑖𝑙

𝑛𝑡ℎ 𝑟𝑜𝑢𝑛𝑑

× (0.1)2⏟
𝑏𝑢𝑙𝑙𝑠𝑒𝑦𝑒
𝑡𝑤𝑖𝑐𝑒

, ∀𝑛 ≥ 1.

𝑆𝑜 𝑃𝑟(𝑠𝑡𝑜𝑝𝑝𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 2 𝑏𝑢𝑙𝑙𝑠𝑒𝑦𝑒) = 𝑃𝑟(𝐵1 ∪ 𝐵2 ∪ 𝐵3 ∪…)
𝐵1,𝐵2,…𝑎𝑟𝑒

𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡=
∞
∑
𝑛=1

𝑃𝑟(𝐵𝑛) =
∞
∑
𝑛=1

(0.1)2(1 − 0.36)𝑛−1 = (0.1)2
0.36 = 1

36 .

(𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡
∞
∑
𝑖=1

𝑎0𝑟𝑖−1 = 𝑎0
1 − 𝑟 , ∀ 𝑟 𝑤𝑖𝑡ℎ |𝑟| < 1, ∀𝑎0 ∈ ℛ.)
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Ω ∶ (
(𝑟𝑒𝑑)

⏞⏞⏞⏞⏞⏞⏞𝑏𝑎𝑙𝑙 1 ∼ 𝑏𝑎𝑙𝑙 12,
(𝑏𝑙𝑢𝑒)

⏞⏞⏞⏞⏞⏞⏞𝑏𝑎𝑙𝑙 13 ∼ 𝑏𝑎𝑙𝑙 28,
(𝑔𝑟𝑒𝑒𝑛)

⏞⏞⏞⏞⏞⏞⏞𝑏𝑎𝑙𝑙 29 ∼ 𝑏𝑎𝑙𝑙 46)
𝑝𝑢𝑡
𝑖𝑛𝑡𝑜⟶ {

7 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠
⏞□,… ,□ } ⟹ #(Ω) = (467 )

(𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 Ω ℎ𝑎𝑠 "𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠"!)

(a)

𝐴𝑁𝑆 =
(123 )(162 )(182 )
(12+16+18

7 )
= 3060

40549 ≈ 0.075

(b)

𝐴𝑁𝑆 = 1 −
(⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑃𝑟{0 𝑟𝑒𝑑 𝑖𝑠 𝑤𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑛}−
(⋆⋆)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝑃𝑟{1 𝑟𝑒𝑑 𝑖𝑠 𝑤𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑛}

= 1 −

(⋆)
⏞⏞⏞⏞⏞⏞⏞
(120 )(347 )/(467 )−

(⋆⋆)
⏞⏞⏞⏞⏞⏞⏞
(121 )(346 )/(467 ) ≈ 0.5979712

(c)

𝐴𝑁𝑆 =
(⋆)

⏞⏞⏞⏞⏞𝑃𝑟{7 𝑟𝑒𝑑}+
(⋆⋆)

⏞⏞⏞⏞⏞𝑃𝑟{7 𝑏𝑙𝑢𝑒}+
(⋆⋆⋆)

⏞⏞⏞⏞⏞𝑃𝑟{7 𝑔𝑟𝑒𝑒𝑛}

=

(⋆)
⏞⏞⏞⏞⏞
(127 )/(467 )+

(⋆⋆)
⏞⏞⏞⏞⏞
(167 )/(467 )+

(⋆⋆⋆)
⏞⏞⏞⏞⏞
(187 )/(467 ) ≈ 0.000823

(d)

𝐿𝑒𝑡 𝐴 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑡ℎ𝑎𝑡 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 3 𝑟𝑒𝑑 𝑏𝑎𝑙𝑙𝑠 𝑎𝑟𝑒 𝑤𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑛.

𝐿𝑒𝑡 𝐵 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑡ℎ𝑎𝑡 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 3 𝑏𝑙𝑢𝑒 𝑏𝑎𝑙𝑙𝑠 𝑎𝑟𝑒 𝑤𝑖𝑡ℎ𝑑𝑟𝑎𝑤𝑛.

𝐴𝑁𝑆 = 𝑃𝑟{𝐴 ∪ 𝐵} = 𝑃𝑟{𝐴} + 𝑃𝑟{𝐵} − 𝑃𝑟{𝐴 ∩ 𝐵}

=

𝑃𝑟(𝐴)
⏞⏞⏞⏞⏞⏞⏞
(123 )(344 )/(467 )+

𝑃𝑟(𝐵)
⏞⏞⏞⏞⏞⏞⏞
(163 )(304 )/(467 )−

𝑃𝑟(𝐴∩𝐵)
⏞⏞⏞⏞⏞⏞⏞⏞⏞
(123 )(163 )(181 )/(467 ) ≈ 0.4359
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𝑇ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑡ℎ𝑖𝑠 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑖𝑠 𝑞𝑢𝑖𝑡𝑒 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑎𝑡 𝑜𝑓 𝑃𝑟𝑜𝑏𝑙𝑒𝑚 #35!

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 Ω, 𝑡ℎ𝑒 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑝𝑎𝑐𝑒, ℎ𝑎𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 𝑎𝑛𝑑 #(Ω) = (224 ).

(a)

𝐴𝑁𝑆 = 𝑃𝑟{𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 4 𝑏𝑎𝑙𝑙𝑠 𝑐ℎ𝑜𝑠𝑒𝑛 𝑖𝑠 𝑔𝑟𝑒𝑒𝑛} = 1 − 𝑃𝑟{𝑎𝑙𝑙 𝑡ℎ𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑏𝑎𝑙𝑙𝑠 𝑎𝑟𝑒 𝑁𝑂𝑇 𝑔𝑟𝑒𝑒𝑛}

= 1 −

𝑃𝑟(𝑎𝑙𝑙 𝑡ℎ𝑒 𝑐ℎ𝑜𝑠𝑒𝑛 𝑏𝑎𝑙𝑙𝑠 𝑎𝑟𝑒 𝑁𝑂𝑇 𝑔𝑟𝑒𝑒𝑛)
⏞⏞⏞⏞⏞
(154 )/(224 ) ≈ 0.81339

(b)

𝐴𝑁𝑆 =
(41)(51)(61)(71)

(224 )
≈ 0.1148

(𝐼𝑁𝑇𝐸𝑁𝑇𝐼𝑂𝑁𝐴𝐿𝐿𝑌 𝐿𝐸𝐹𝑇 𝐵𝐿𝐴𝑁𝐾)
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𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑛 𝑝𝑒𝑟𝑠𝑜𝑛𝑠.

𝐹𝑌 𝐼 ∶ ( 𝐵𝑦 𝑡ℎ𝑒 𝑃 𝑖𝑔𝑒𝑜𝑛ℎ𝑜𝑙𝑒 𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒, 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑛 ≤ 12.
⟹ 𝐴𝑛 𝑎𝑛𝑠𝑤𝑒𝑟 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 12 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑤𝑟𝑜𝑛𝑔! )

(𝐼𝑓 𝑦𝑜𝑢 𝑑𝑜 𝑛𝑜𝑡 𝑘𝑛𝑜𝑤 𝑤ℎ𝑎𝑡 𝑖𝑠 "𝑃 𝑖𝑔𝑒𝑜𝑛ℎ𝑜𝑙𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑙𝑒", 𝑦𝑜𝑢 𝑚𝑎𝑦 𝑠𝑒𝑎𝑟𝑐ℎ 𝑓𝑜𝑟 𝑖𝑡 𝑜𝑛𝑙𝑖𝑛𝑒.)

𝐿𝑒𝑡 𝐴 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑡ℎ𝑎𝑡 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑡𝑤𝑜 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 𝑐𝑒𝑙𝑒𝑏𝑟𝑎𝑡𝑒 𝑡ℎ𝑒𝑖𝑟 𝑏𝑖𝑟𝑡ℎ𝑑𝑎𝑦 𝑎𝑡 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑚𝑜𝑛𝑡ℎ.
𝑇ℎ𝑒𝑛, 𝐴𝐶 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑡ℎ𝑎𝑡 𝑛𝑜 𝑎𝑛𝑦 2 𝑝𝑒𝑟𝑠𝑜𝑛𝑠 𝑐𝑒𝑙𝑒𝑏𝑟𝑎𝑡𝑒 𝑡ℎ𝑒𝑖𝑟 𝑏𝑖𝑟𝑡ℎ𝑑𝑎𝑦 𝑎𝑡 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑚𝑜𝑛𝑡ℎ.

𝑊𝑒 𝑤𝑎𝑛𝑡 ∶ 𝑃𝑟(𝐴) ≥ 1
2 ⟺ 1− 𝑃𝑟(𝐴𝐶) ≥ 1

2
(⋆)
⟺ 1− 𝑃 12

𝑛
12𝑛 ≥ 1

2 ⟺ 𝑃 12
𝑛

12𝑛 ≤ 1
2

(⋆) ∶ 𝑇ℎ𝑒 1𝑠𝑡𝑝𝑒𝑟𝑠𝑜𝑛 ℎ𝑎𝑠 12 𝑜𝑝𝑡𝑖𝑜𝑛𝑠, 𝑡ℎ𝑒 2𝑛𝑑 ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 11 𝑜𝑝𝑡𝑖𝑜𝑛𝑠 𝑙𝑒𝑓𝑡,…

(𝑊𝑒 𝑐𝑎𝑛 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑃𝑟(𝐴𝐶) 𝑏𝑦 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑚𝑒𝑡ℎ𝑜𝑑 𝑎𝑠 𝑡ℎ𝑎𝑡 𝑢𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 "𝑏𝑖𝑟𝑡ℎ𝑑𝑎𝑦 𝑝𝑟𝑜𝑏𝑙𝑒𝑚", 𝑠𝑒𝑒 𝐿𝑁𝑝3 − 4.)

⟹ 𝑊𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑃 12
𝑛

12𝑛 ≤ 1
2

⎧{{{{{{
⎨{{{{{{⎩

𝑊ℎ𝑒𝑛 𝑛 = 1, 𝑃 12
1 /121 = 1 ≥ 1

2 .

𝑊ℎ𝑒𝑛 𝑛 = 2, 𝑃 12
2 /122 ≈ 0.9166 ≥ 1

2 .

𝑊ℎ𝑒𝑛 𝑛 = 3, 𝑃 12
3 /123 ≈ 0.7638 ≥ 1

2 .

𝑊ℎ𝑒𝑛 𝑛 = 4, 𝑃 12
4 /124 ≈ 0.5729 ≥ 1

2 .

𝑊ℎ𝑒𝑛 𝑛 = 5, 𝑃 12
5 /125 ≈ 0.3819 ≤ 1

2 .

(𝐼𝑛 𝑓𝑎𝑐𝑡, 𝑃 12
𝑛

12𝑛 𝑖𝑠 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑎𝑠 𝑛 𝑏𝑒𝑐𝑜𝑚𝑖𝑛𝑔 𝑙𝑎𝑟𝑔𝑒𝑟, 𝑤ℎ𝑒𝑛 1 ≤ 𝑛 ≤ 12.)

⟹ 𝐴𝑁𝑆 ∶ "𝑎𝑡 𝑙𝑒𝑎𝑠𝑡" 5 (𝑝𝑒𝑟𝑠𝑜𝑛𝑠), 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛.
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(𝐼𝑓 𝑦𝑜𝑢 𝑑𝑜 𝑛𝑜𝑡 𝑘𝑛𝑜𝑤 ℎ𝑜𝑤 𝑡𝑜 𝑝𝑙𝑎𝑦 "𝐵𝑖𝑟𝑑𝑔𝑒", 𝑦𝑜𝑢 𝑚𝑎𝑦 𝑠𝑒𝑎𝑟𝑐ℎ 𝑓𝑜𝑟 𝑖𝑡𝑠 𝑟𝑢𝑙𝑒 𝑜𝑛𝑙𝑖𝑛𝑒.)

𝐿𝑒𝑡
⎧{
⎨{⎩

𝐸1 = {𝑡ℎ𝑒 𝑏𝑟𝑖𝑑𝑔𝑒 ℎ𝑎𝑛𝑑 𝑖𝑠 𝑣𝑜𝑖𝑑 𝑖𝑛 𝑠𝑝𝑎𝑑𝑒 (♠)}
𝐸2 = {𝑡ℎ𝑒 𝑏𝑟𝑖𝑑𝑔𝑒 ℎ𝑎𝑛𝑑 𝑖𝑠 𝑣𝑜𝑖𝑑 𝑖𝑛 ℎ𝑒𝑎𝑟𝑡 (♡)}
𝐸3 = {𝑡ℎ𝑒 𝑏𝑟𝑖𝑑𝑔𝑒 ℎ𝑎𝑛𝑑 𝑖𝑠 𝑣𝑜𝑖𝑑 𝑖𝑛 𝑑𝑖𝑎𝑚𝑜𝑛𝑑 (♢)}
𝐸4 = {𝑡ℎ𝑒 𝑏𝑟𝑖𝑑𝑔𝑒 ℎ𝑎𝑛𝑑 𝑖𝑠 𝑣𝑜𝑖𝑑 𝑖𝑛 𝑐𝑙𝑢𝑏 (♣)}

𝑊𝑒 𝑐𝑎𝑛 𝑢𝑠𝑒 𝐼𝑁𝐶𝐿𝑈𝑆𝐼𝑂𝑁 −𝐸𝑋𝐶𝐿𝑈𝑆𝐼𝑂𝑁 𝐼𝐷𝐸𝑁𝑇𝐼𝑇𝑌 𝑡𝑜 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑡ℎ𝑒 𝑎𝑛𝑠𝑤𝑒𝑟 ∶

𝐴𝑁𝑆 = 𝑃𝑟(
4
⋃
𝑖=1

𝐸𝑖)

=
4

∑
𝑖=1⏟
(⋄)

(⋆)
⏞𝑃𝑟(𝐸𝑖)− ∑

𝑖1<𝑖2
𝑖1,𝑖2∈{1,2,3,4}⏟

(⋄⋄)

(⋆⋆)
⏞⏞⏞⏞⏞𝑃𝑟(𝐸𝑖1𝐸𝑖2)+ ∑

𝑖1<𝑖2<𝑖3
𝑖1,𝑖2,𝑖3∈{1,2,3,4}⏟⏟⏟⏟⏟

(⋄⋄⋄)

(⋆⋆⋆)
⏞⏞⏞⏞⏞⏞⏞𝑃𝑟(𝐸𝑖1𝐸𝑖2𝐸𝑖3)−

(⋆⋆⋆⋆)
⏞⏞⏞⏞⏞⏞⏞𝑃𝑟(𝐸1𝐸2𝐸3𝐸4)

= 4⏟
(⋄)

×

(⋆)
⏞⏞⏞⏞⏞⏞⏞
(130 )(3913)/(5213)−(42)⏟

(⋄⋄)

×

(⋆⋆)
⏞⏞⏞⏞⏞⏞⏞
(260 )(2613)/(5213)+ (43)⏟

(⋄⋄⋄)

×

(⋆⋆⋆)
⏞⏞⏞⏞⏞⏞⏞
(390 )(1313)/(5213)−

(⋆⋆⋆⋆)
⏞0 ≈ 0.05126206

⎧{
⎨{⎩

(⋆) ∶ 𝑐ℎ𝑜𝑜𝑠𝑒 0 𝑓𝑟𝑜𝑚 𝑎 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑠𝑢𝑖𝑡 𝑎𝑛𝑑 𝑐ℎ𝑜𝑜𝑠𝑒 13 𝑓𝑟𝑜𝑚 𝑜𝑡ℎ𝑒𝑟 3 𝑠𝑢𝑖𝑡𝑠.
(⋆ ⋆) ∶ 𝑐ℎ𝑜𝑜𝑠𝑒 0 𝑓𝑟𝑜𝑚 2 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑠𝑢𝑖𝑡𝑠 𝑎𝑛𝑑 𝑐ℎ𝑜𝑜𝑠𝑒 13 𝑓𝑟𝑜𝑚 𝑜𝑡ℎ𝑒𝑟 2 𝑠𝑢𝑖𝑡𝑠.

(⋆ ⋆ ⋆) ∶ 𝑐ℎ𝑜𝑜𝑠𝑒 0 𝑓𝑟𝑜𝑚 3 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑠𝑢𝑖𝑡𝑠 𝑎𝑛𝑑 𝑐ℎ𝑜𝑜𝑠𝑒 13 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑛𝑙𝑦 𝑠𝑢𝑖𝑡 𝑙𝑒𝑓𝑡.
(⋆ ⋆ ⋆ ⋆) ∶ 𝑇ℎ𝑖𝑠 𝑖𝑠 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 (𝑤ℎ𝑦?)

𝑁𝑜𝑡𝑒 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎𝑏𝑢𝑠𝑒𝑑 𝑡ℎ𝑒 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛 ∑, 𝑖𝑛 (⋄⋄) 𝑎𝑛𝑑 (⋄ ⋄ ⋄) 𝑓𝑜𝑟 𝑠𝑖𝑚𝑝𝑙𝑖𝑐𝑖𝑡𝑦,
𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑎𝑐𝑡𝑢𝑎𝑙𝑙𝑦 𝑑𝑜𝑢𝑏𝑙𝑒 𝑎𝑛𝑑 𝑡𝑟𝑖𝑝𝑙𝑒 𝑠𝑢𝑚𝑚𝑎𝑡𝑖𝑜𝑛, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑒 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑠 𝑛𝑜𝑡
(41)(3913)
(5213)

, 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑙𝑠
4

∑
𝑖=1

𝑃𝑟(𝐸𝑖), 𝑏𝑢𝑡 𝐸1,… ,𝐸4 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡.

⟹ 𝑇ℎ𝑒 𝑐𝑎𝑠𝑒 𝐸𝑖 ∩ 𝐸𝑗 (𝑖 ≠ 𝑗) 𝑖𝑠 𝑟𝑒𝑝𝑒𝑎𝑡𝑒𝑑𝑙𝑦 𝑐𝑜𝑢𝑛𝑡𝑒𝑑,…
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𝑊𝑒 𝑠𝑙𝑖𝑔ℎ𝑡𝑙𝑦 𝑎𝑏𝑢𝑠𝑒 𝑡ℎ𝑒 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛, "(𝐴,𝐵) = (𝑥, 𝑦)" 𝑚𝑒𝑎𝑛𝑠 "𝐴 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑥, 𝐵 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑦", 𝑥, 𝑦 ∈ {𝑎, 𝑏, 𝑐}.
𝑇ℎ𝑒𝑛, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 ∶

(𝐴 = 𝑎) ⟹
⎧{{
⎨{{⎩

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑎, 𝑏)) = 4
9

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑎, 𝑐)) = 5
9 (⋆ ∶ 𝐵 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑐)

(𝐴 = 𝑏) ⟹
⎧{{
⎨{{⎩

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑏, 𝑎)) = 5
9 (⋆ ∶ 𝐵 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑎)

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑏, 𝑐)) = 4
9

(𝐴 = 𝑐) ⟹
⎧{{
⎨{{⎩

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑐, 𝑎)) = 4
9

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑐, 𝑏)) = 5
9 (⋆ ∶ 𝐵 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑏)

(𝐴𝑙𝑙 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠 𝑎𝑏𝑜𝑣𝑒 𝑎𝑟𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑏𝑦 𝑡𝑒𝑑𝑖𝑜𝑢𝑠 𝑒𝑛𝑢𝑚𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑙𝑖𝑘𝑒 𝑏𝑒𝑙𝑜𝑤)

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒, 𝑖𝑓 𝐴 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑎 𝑎𝑛𝑑 𝐵 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑏, 𝑡ℎ𝑒𝑛

A=a 1 1 1 5 5 5 9 9 9
B=b 3 4 8 3 4 8 3 4 8
whether B wins v v v v

⟹ 𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) = (𝑎, 𝑏)) = 4
9

𝑆𝑜, 𝑛𝑜 𝑚𝑎𝑡𝑡𝑒𝑟 𝐴 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑤ℎ𝑖𝑐ℎ 𝑠𝑝𝑖𝑛𝑛𝑒𝑟, 𝐵 𝑐𝑎𝑛 𝑐ℎ𝑜𝑜𝑠𝑒 𝑡ℎ𝑒 𝑠𝑝𝑖𝑛𝑛𝑒𝑟 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 (⋆) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡

𝑃𝑟(𝐵 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) 𝑐ℎ𝑜𝑜𝑠𝑒 𝑎𝑠 (⋆)) > 𝑃𝑟(𝐴 𝑤𝑖𝑛𝑠 ∣ (𝐴,𝐵) 𝑐ℎ𝑜𝑜𝑠𝑒 𝑎𝑠 (⋆)) .

𝐴𝑁𝑆 ∶ 𝐼𝑡 𝑖𝑠 𝑏𝑒𝑡𝑡𝑒𝑟 𝑡𝑜 𝑏𝑒 𝑝𝑙𝑎𝑦𝑒𝑟 𝐵!

made by 林宸緯，潘翠婷 助教
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