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32 (i)

#HH [secd v da -
/sec3xdx:/secm(1+tan2x) dx:/secxdx+/secxtan2xdx

/secxdx =In|secx + tanz| + C4

u=tanxz, dv=secxtanxdr

v=secx, du=seczrdr

/secxtan2xdx:Secxtanx—/sec3xd9@
K= RS

/sec3xdx:1n|secx+tanm]+secxtanx—/sec3xdx+01

2/sec?’xda: = In|secx + tan x| + secx tanx + C4
REHERA

/sec3 xrdr =

(In|secx + tanz| + secx tanx) + Cy

N | —
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gfﬁk—fcsczsxdxi
/Csc3xdx:/cscx(1+cot2x) dx:/cscxd:c—l—/cscxcotzxdx
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/CSC[BdZL’ = —1In|cscz + cot x| + Cy

u=-cotx, dv=cscxcotxdx
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Al

v=—cscx, du=—cscirdr

/CSCZECOtQ.CEdLI?: —cscxcota:—/csc3xda:
RE R
/csc3zlrd93: —In | csc + cot x| —cscxcota:—/cscgzvdx+03
HEEBATE
2/Csc3xda:: —In|cscx + cot x| — esca cotx 4 Cs
REERE

1
/csc3acd:t =3 (In|esca + cot x| + cscx cot x) + Cy
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7.9
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)=E (ix) _iE(XZ-) _iP(X =

w

P(X;=1)= ZP(ball 1 not in urn 4,...,ball ¢ not in urn 4, ..., ball n not in urn %)
i=1

_Z( [ z—i—I.n;l)

_z—l
= —
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E(X):Zi—lzn—l
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(b) RAMF R EMBE

RP(X = 0)» BWAAMT A EABE :

P(X =0) = P(BREMRTAH —ER) = P(FHiEREZBEMRTF i=1,...,n)

P(X =0) = P(ball 1 in urn 1,ball 2 in urn 2, ..., ball n in urn n)
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7.21

(a) BAEHF2 BAGERGREHE

AX AT OSEF2BAGEBEE - #Hibi=1,...,200° TRIETEH :

¥ 1, wREMH &4 E4F2 BA,
"o, mal

BIARVESE — A A HEH -

Lo . 50\ (1)’ 1\*
X; #ymarginal distribution & Bernoulli(p = 1 )

2 ) \ 200 200
it H
200
X =) X
i=1
A AE

BX)=F (%0; Xi) = jfiE(Xn = TXOO;P(XZ- = 1) = 200p = 200 (520) (ﬁ)Q (1 - 2_(1)0)48

ERALTEY s KMAFEEAEX,, ..., Xogo #¥marginal distribution ° #& 81
] 8] € 89 joint distribution » 3EAE4F 3 F 4 A AL o
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(b) ¥ 881 MAYNEHMGRERE
AY RTEEEMOEE - Hiti=1,...,200° TRIETELH :

v 1, wwRGH R%E,
"o, mal

AlY; 89 marginal distribution & Bernoulli(q) * 3 :

150
—P(Y,=1)=1—P(BMi £EH)=1—1— —
g=P(Y;=1) (B Wi A7) ( 200)
#8
200
Y =YY
=1
SHEME A

200 200 200 1 50
—E (ZY> — S E(Y) =Y P(Y; = 1) = 200q = 200 - [1— (1_M) ]
i=1 i=1 =1

EEANTEFR  AMARFEEAEY,, ..., Yoo #¥Imarginal distribution ° #&81%
3] €M 49joint distribution * E4% 43+ F A8 H 1L o

madeby U U0, 000,000,000 OO0



NTHU MATH 2810, 2024 Solution to Homework 10
7.41

FJE
2 2
COV(Yn, Yn+j) = COV (Z Xn+i, Z Xn+j+k>
=0 k=0

WRAF 77 2 G B BB

2

2
COV Ym Yn+g Z Z COV Xn+i7 Xn+j+k)

=0 k=0

mAX, A LB LA ME G Z M Fo 7 20?0 RMA

2 ‘ﬁﬂ% _
Cov(Xi, X)) =4 ne
0, 'ﬁU%il 7é 9.

Ak > 5 £Cov(Y,, Yay,) B HERE

302, j =0,

20%, j=1,
COV(Yn,Yn+j) —

0'27 j_ 27

0, j>3.
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7.42

L=+ 250,y >0
Let f(z,y)=1"
0, otherwise

Then, the marginal pdf of Y is

fy (W) :/ ey = S / e vdr =€ for 0 <y<oo
o Y Yy Jo

So, Y ~ exp(1), which implies that E(Y)=1.

Since Ixy(zly) = ?E/z(;j)) = ie_% for x>0 = X|Y =y~ exp(i) = EX|Y) =

1/y =Y.

By the Law of total expectation,
E(X) = B(E(X|Y)) = B(Y) =1,
E(XY)=EEXY|Y))=EYEX|Y)=EY*)=Var(Y)+[EY)*=2,
where X|Y =y ~ emp(%).
Note that

Cov(X,Y)=E(XY)-EX)EY)=2-1=1.

Alternatively, if not using conditional expectation , E(X), E(Y), and E(XY) can also be

calculated by double integration as shown below:

B 00 oo B 00 oo . yrE) B 0 oY o
= xf(z,y)dxdy = —e v dx dy = — xe v drdy
o Jo o Jo Y o Y Jo
00 00 . o oY 0o N
vl + y/ e v dw} dy = / — / e v dm} dy
0 0 o Y 0

y
/ / ydmdy—/ ye ydy——yeyoo+/ e Vdy =1
/ / yfxyd:z:dy—/ / —lty dmdy—/ / e vdady
=/ ye Vdy = —ye™" +/ e Vdy =1
0 0 0
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E(XY) / / zyf(z,y dxdy—/ / ze~ Wty dxdy—/ / xe ydxdy
—/ ey{xyey +y/ eyda:]dy—/ e Vdy = —y?e Y —|—2/ ye Ydy = 2
0 0 0 0 0 0

Hence, Cov(X,Y)=E(XY)-E(X)E(Y)=1 .

7.47
By question, X; ~I'(k,0) ,i=1,2,3 , and Cov(X;, X;) =0 Vi # j.

(a)

Since .
Cov(X1, X1 + Xo) = Var(X,) + Cov(Xy, Xs) = 7z

and Var(X; + Xs) = Var(Xy) + Var(Xy) +2Cov(Xy, Xs) = 23

So,
Cov(X1, X1 + X. > 2
CO’I“’I"(Xl,Xl + XQ) OU( ALY 2) = 62 \/_
Vovar(Xi)var(X; + Xz) \/_X2k 2
Note that the mean and variance of I'(k, 0) are 3 k and 91“2 , respectively.
(b)
Since Ak
COU(Xl +2X2,X1 +X2+X3) VGT(X1)+2VGT(X2) 92

and since X1, X, X3 are pairwise uncorrelated , Var(X;+2X,) = Var(X;)+4Var(Xs) = 2%,
Var(X; + Xo+ X3) = Var(Xy) + Var(Xy) + Var(X3) =

So,
Cov(X1 +2X5, X1 + Xo + X % V15
Corr(Xy +2X, X1+ Xo+ Xy) = ov( Xy +2Xy, X7 + Xy + X3) _ 9 _
Vovar(X; + 2Xo)var(X; + Xo + X3) g_l; % :;_1; 5
2
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7.49
(a)

By question, D; is the number of edges that have vertex i as one of their vertices.

4o R A8 TE B A Ao St (n-1) 18 TE 3 B 40 R (GRERR D R Bp) » % XA ik B 4 8

KM (KRB AR B 1-p) > BAATAZAR A 212 % — independent Bernoulli
] D, By 58 TA B o i (n-1) 181 TE 25 09 4032 47 i 20 R 3K > A SLAR R T R
D; ~ Bin(n — 1,p), for i=1,..n. = Var(D;) = (n—1)p(1 —p)

(b)

Fork <1, k,l=1,...n

1, if there is an edge between vertex k and vertex |
let Ek,l =
0, otherwise

Clearly, Ey; ~ Ber(p) , and Ej;'s are independent.
And then, we have

D; = Z Ey; + Z Ei,

k<i I>i
D;=> Ew+Y E
k<j I>j
So, for i < 7,
Cov(D;, D;) = C’ov(z Eyi+ Z Ei, ,Z Epj;+ Z E
k<i > k<j >3
= COU(Z Ekﬂ' + Z Ez’,l + Ei,j y Z Ek’j + Z EjJ + Em)
k<i 1>1,l#£] k<j,k#i [>j
== COU( i,j Ei,j) == VCLT‘(EZ‘J‘)
=p(l—p)
Hence,
Cov(D;, D; 1-—
Corr(D;, Dj) = ov i) = p(1 —p) _

VVar(Dj))Var(D;)  /(n—1)p(l—p)x (n—1)p(1—p) n—1

L, ifi=j

= Corr(D;,D;) = ) T
o Vi# j
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7.53

The marginal pdf of X is

Fe(2) Jy 1022y dy = 1Ox2[—y22]]§ =5z, for0O<z<l1
x(z) =
0, otherwise

Then,fy‘X(y]x):J;f(’i’)):1g§iy:i—g, forO<y<z,0<z<l.
So, for 0 <z < 1,

E(YMX =) = / oy (yl2)dy
0
x , k+1
= 2/ Y —dy
0 X

2 yk+2 T
a2 [k + 2]

2k
k+2

0
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7.57

Let N=number of ducks in a flock.Then N~ Poisson(6).

10 hunters target their ducks independently

10 hunters fire with hit rate 0.6

1, @ —th duck be hit,
0, @ —th duck not be hit.

ForlSiSN,letXi:{

Then X:Zﬁl X; is total number of ducks being hit.

Given N =n , X;|N =n ~ Bernoulli(p),
where p = P(X; = 1|N = n) = 1 — P(no hunter hit i-th duck)

1 n—1

I s AL

% h {ERAGE Pli-th duck
2R 413 » HAKEF-th duck

12 Y121 Y1a Y1a Ve Vi Vle VieVie Vie Ve Ve Vie Ve VieVie Vie VieWie VieVie Vie Ve Vle Vi Vie Vie WieVie Wi Vie Vie Vlie Vie VieVie Vie Vie Ve VieVle Vie Vie Vie Vi Vie WieWle Vie VieVie VWieWle VgV

So, given N=n,

E(X|N =n) = ZX|N—n
:ZE(X,»|N:n)
_Z (1 x P(X;=1|N =n)+0 x P(X; =0|N =n))
:Z(1><p+0):n-(1—(1—%)10)
Thus,
ANS:
E(X) = Exy(E(X|N))
0.6,
=Ex(N-(1-(1=-5)")
=3 n (1= (= 200y PV =)

“OERANT AT KMAFEA R L E N=n 8 » X, X5..., X,, |9 marginal distribution
» 1A R B %€ 8 joint distribution * &4 T L HAL o
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{0

(&% N=n B » X1, Xy, ..., X,, 33 independent > & X joint distribution # % & & marginal
distribution "E— /%€ o M E N=n B » X=X, 84 BALF & binomial(n,p))
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7.70

Let X be number of storms next year.

Lot V — {1, next year is good year

_ =Y ~ Ber(0.4)
0, next year is bad year

= X|V =1 ~ Poi(3)
X|Y =0~ Poi(5)

L EX|Y =1)=3,VAR(X|Y =1) =3
E(X|Y =0)=5VARX|Y =0) =5

Then,

E(X) = By (Ex)y(X[Y))
=FEX|Y=1)-04+E(X|Y =0)-0.6
=3-04+5-06=4.2

Similarly,

Var(X) = Ey(Varxy (X|Y)) + Vary (Exy (X]Y))
=(04-3+0.6-5)+ [(04-(3—4.2)>+0.6-(5—4.2)*)]

= 4.2+ 0.96 = 5.16 ,
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7.79
XNU<O,1),CLO:0,CL1:%,CL2:1

— L =2 O0<az<li
the pdf of X|I =0is {§<0<X<2> -2

therwise
0, if qg=0<X<1= ’ ?
Let[z{l’ Z.f ao_1<X;i_a1 N
, if aa=5<X<1l=a s =2, 3<x<1
the pdf of X|I =11is { PG<XsD
0, otherwise
(a)
By proposition 6.1,y; = E(X|I =i) = E(X|a; < X < a;41) ,i=0,1
Thus,
1 3 1
ifl =0(ie. 0 <X < 5) yo=E(X|I=0) = 2xdx:Z
0
1 ! 3
ifI =1(i.e. §<X<1) Y1 = (X|I:1):/2malm:é—L
3
(b)
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7.82

Fey(@y) = 1 _em)? 0<y<oo
XY ’y_\/ﬁ —00 < T < 00

(a)
Mxy (ti,ty) = E(efXT2Y) / / \/_ ehattay o=y dxdy

o o 1 tizdt 2 —2eyty?
= ——e TR Ve 2 dxdy
0 —oo V2T

o t yQ e ]. t ac2
= ey vy ——e"TTT Ty dy
0 —oo V2T

00 2 © 1
_ tay—y— / L (@2 2(t1+)eH (b1 +y)>— (0 +1)°
= e 2 ——e 2 )dxd

/o oo V2T 4

e 2 ) [e9) 1
— toy—y—4%5 (t1+'y)2/2/ —3-(@—(t1+y))?
= e ze e 2 dx dy
/ 7

pdf of N(t1+y =45 =1
2 o0 2 o0
-+ / 6t2y*y+t1ydy —e2 / e(t2+trl)ydy
0 0

L ,Zf t1+ta <1

1—t1—to

do not exist ,if t;+ty >1

|
[

I
—N
[
N‘»—Tt\)

(b)

l\"‘»—u\)

Mx(tl) = M)@y(tl,O) = 6 Zf t1 <1

My(tg) = MX’Y(O,tZ) =1- Zf ta < 1

11—t
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TEG6

Fori=1,...,n,let X;

RHS of equation :

LHS of equation :

1 if A; occurs
= I{A; occurs} =

0 otherwise

P(Ay) = E[Xy]
k=1 k=1
= E[X]

iP(Ck) = iP(X > k)
k=1 k=1

=> Y P(X=5)

k=1 s=k
=Y P(X=5)+> P(X=s)+ -+ PX=

AL LHS HE 2 Homework 49 Theoretical EX.5H fHEE o

madeby U U0, 000,000,000 00
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= X; ~ Bernoulli(p; = P(A;))and X = > | X;
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TE1S8

=X+ (1- N)X,

Elf ]—/\u+(1—A)u=u

- X1& X5 indep. = Var(i) = +(1—=\)%03
=\ (0? 4+ 02) — 2\03 + 03
2 4
2 2 92 2 92 2
— A — _
(o7 +03)( 0%_’_03) o2+ 02 +03
. ~ O'g
S arg;mnVar(u) = 717

Bl = p . Var(f) = E{(ii — p)?} = mean square error(MSE) of ji for estimating p, 2 — p Ay fliFt iR
% o
I, > #eVar (o) W&/ MESEF A NIMSE °

TES2

X1, ..., X, are independent and identically distributed exponential random variables, each having mean %

By Table 7.2, we can know the mgf of X; is Mx, (t) = 325

Let Y =31 | X;, the mgfof Y,

= E( t370 )
:E(etXl) E(eth) E(etX")
= [[Mx.(t)
=1
— (<2 ym  HTableT 20841 » 35 Gamma(n,\)Hmef

A—t

Hence, by the uniqueness of mgf, Y = """ | X; ~ Gamma(n, \)
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